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HEAT TRANSPORT

Fourier‘s Law:
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Thermoelectric Elements
Conversion of temperature gradient into electric current.

Ie

rT
Efficiency /
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J

Potential “waste heat recovery” device!

rT

Car exhaustsIndustrial plants Personal Computing

Too low efficiency inhibits a large scale, economically 
attractive deployment of thermoelectric devices.



Suppressing heat transport in thermal barrier coatings 
has driven the fuel-efficiency increase over the last 30 years.

D. R. Clarke & C. G. Levi, Ann. Rev. Mat. Res., 33, 383 (2003).
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  - Consolidate data for different temperatures 
  - Remove duplicates 
  - Remove liquids 
  - Remove metals 
  - Remove doped/non-pristine materials 

 Much less than 150 materials left!⟹

MORE DATA 
URGENTLY NEEDED!



Heat Transport Theory 101
Real-Space Representation

Γ M X Γ Z R A0

200

400

600

800

ω
 (c

m
-1

)

Reciprocal-Space Representation

E

R
equilibrium

Harmonic Approximation



Heat Transport Theory 101
Real-Space Representation

Γ M X Γ Z R A0

200

400

600

800

ω
 (c

m
-1

)

Reciprocal-Space Representation

E

R
equilibrium

Harmonic Approximation

Decoupled Modes Infinite Lifetime

Phonon (ω,q)

Infinite Thermal Conductivity



Heat Transport Theory 101
Real-Space Representation

Γ M X Γ Z R A0

200

400

600

800

ω
 (c

m
-1

)

Reciprocal-Space Representation

Phonon ScatteringAnharmonic Dynamics

Phonon (ω,q)
E

R
equilibrium

Harmonic Approximation



Heat Transport Theory 101
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Perturbative Treatment:
D. A. Broido, et al., Appl. Phys. Lett. 91, 231922 (2007).

Density Functional Perturbation Theory 
+ Boltzmann Transport Equation

CAVEAT: 

Low Temperature 

Approximation!

Eharm ≫ Eanha !



Heat Transport Theory 101
Real-Space Representation

Anharmonic Dynamics

E

R
equilibrium

Harmonic Approximation

Γ M X Γ Z R A0

200

400

600

800

ω
 (c

m
-1

)

Reciprocal-Space Representation

Phonon Scattering

Phonon (ω,q)

?

Strong Anharmonic Effects beyond the Realm of Perturbation Theory:
Eharm  Eanha !≪

 A Fully Anharmonic Theory of Heat Transport is Needed!⇒



GREEN-KUBO METHOD 
R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Japan 12,1203 (1957).

The thermal conductivity is related to the 
autocorrelation function of the heat flux.

Simulations of the thermodynamic equilibrium
⇓                 ⇓                 ⇓

Information about non-equilibrium processes

Fluctuation-Dissipation Theorem
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GREEN-KUBO METHOD 
R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Japan 12,1203 (1957).

The thermal conductivity is related to the 
autocorrelation function of the heat flux.

Simulations of the thermodynamic equilibrium
⇓                 ⇓                 ⇓

Information about non-equilibrium processes

Fluctuation-Dissipation Theorem

 ⇠
1Z

0

d⌧ h J(0) J(⌧)i
eq

Green-Kubo method...
...works in thermal equilibrium (linear response)
...accounts for anharmonic effects to all orders

A first-principles implementation of  
the Green-Kubo method faces severe...

...conceptual challenges: definition of the heat flux

...numerical challenges: size and time convergence 



Continuity 
Equation:

J(t) =

Z
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Energy decomposition Heat flux
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Correct heat flux definition requires a  
decomposition of the energy,  

which is not unique by definition.

THE ATOMISTIC HEAT FLUX 
E. Helfand, Phys. Rev. 119, 1 (1960).
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Helfands’ Heat Flux Hardys’ Heat Flux 

THE VIRIAL HEAT FLUX
R. J. Hardy,  Phys. Rev. 132,168 (1963).

Convective 
Heat Flux  Virial Heat Flux:

Liquids & Gases:
➾ use energy density
A. Marcolongo, P. Umari, and S. Baroni, 

Nat. Phys. 12, 80 (2016).

• Unique:  
Does not depend on partitioning 

• Describes phonon transports
• Well-defined for classical potentials 
• Well-defined  

in first-principles frameworks



Formulas for analytical stress
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ALL-ELECTRON FORMALISM FOR  
TOTAL ENERGY STRAIN DERIVATIVES  

F. Knuth, C. Carbogno, V. Atalla, V. Blum, and M. Scheffler, Comp. Phys. Comm. 190, 33 (2015).
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➾ Unique and well-defined!



VALIDATION OF THE HEAT FLUX
C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).

Simple Recipe:

1) Run aiMD to obtain trajectories RIDFT(t), VIDFT(t) as well as JDFT(t) 

2) Compute Jharm(t) via the harmonic potential at RIDFT(t) and VIDFT(t)

3) Compare JDFT(t) and Jharm(t)
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VALIDATION OF THE HEAT FLUX
C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).

Full anharmonic DFT flux and  
harmonic flux (evaluated along the DFT trajectory) 

yield comparable auto-correlation functions.

Computational Details:

• pristine Si (diamond)
• 64 atoms (2x2x2 cell)
• Temperature 1000K
• LDA XC-Functional
• >200ps of ab initio MD
 



Numerical Challenge:  
Time and Size Convergence



HOW TO BOOST CONVERGENCE?

Decompose heat flux 
into contributions from 
higher/lower orders of 
the Taylor expansion
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Rapid Decay!



HOW TO BOOST CONVERGENCE?
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Slow 
Decay!

Can be (time and size)  
converged independently!
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Extrapolation procedure yields satisfactory results!

DFT-LDA 
+ Size & Time Corrections

EXTRAPOLATION FOR SILICON
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APPLICATION TO SILICON AND ZIRCONIA

Accurate computation of the thermal conductivities
in solids achievable from first principles.

C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).
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APPLICATION TO SILICON AND ZIRCONIA

Accurate computation of the thermal conductivities
in solids achievable from first principles.

C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).

Why is ZrO2 

so insulating?
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APPLICATION TO SILICON AND ZIRCONIA

Accurate computation of the thermal conductivities
in solids achievable from first principles.

C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).

Why is ZrO2 

so insulating?

Potential Energy Surface  
of ZrO2

C. Carbogno, C. G. Levi, 
C. G. Van de Walle, and M. Scheffler, 

PRB 90, 144109 (2014).



Take-Home Messages
1) Ab-initio Green-Kubo method quantitatively describes the lattice thermal conductivity 

both for very harmonic and for strongly anharmonic systems. 
C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).



Take-Home Messages
1) Ab-initio Green-Kubo method quantitatively describes the lattice thermal conductivity 

both for very harmonic and for strongly anharmonic systems. 
C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).

However, the ab-initio Green-Kubo method can be computationally excruciatingly 
expensive, especially for good heat conductors (long lifetimes, large mean free paths).
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⇒ Can we quantify anharmonicity  
in materials space?



Anharmonicity Quantification
How do Eharm and  Eanha= EDFT compare in different materials?
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F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).



Anharmonicity Quantification
How do Eharm and  Eanha= EDFT compare in different materials?
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1) Run ab initio MD simulations to obtain 
anharmonic trajectories RIDFT(t).

2) Store the potential energies EDFT(t) observed 
along RIDFT(t).

3) Evaluate which potential energies Eharm(t) the 
harmonic approximation would predict along  
RIDFT(t).

4) The difference Eharm(t) - EDFT(t) quantifies the 
strength of anharmonic effects as.

F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).
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Anharmonicity Quantification
How do Eharm and  Eanha= EDFT compare in different materials?

E

R

Harmonic Approximation

equilibrium

1) Run ab initio MD simulations to obtain 
anharmonic trajectories RIDFT(t).

2) Store the potential energies EDFT(t) observed 
along RIDFT(t).

3) Evaluate which potential energies Eharm(t) the 
harmonic approximation would predict along  
RIDFT(t).

4) The difference Eharm(t) - EDFT(t) quantifies the 
strength of anharmonic effects.

F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).

In practice,  
it is beneficial to work with  

harmonic FIharm(t) and  
anharmonic forces FIDFT(t),

since this allows for  
an atom-specific resolution  

of anharmonic effects.



Anharmonicity Quantification
How do Eharm and  Eanha= EDFT compare in different materials?
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How much do anharmonic effects  
contribute to the forces on average?

In Simpler Words:
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Anharmonicity 

At 300K, many materials 
indeed behave almost 
perfectly harmonically.  

But even at 300K, there are systems that exhibit  
a strongly anharmonic dynamics.  

200+ Material Test Set:
• 97 Rock salt
• 67 Zincblende
• 45 Wurtzite
• 10 Perovskites
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F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).

At 700K, 
only 

<35% of
the materials

are  
almost  

perfectly  
harmonic. 

200+ Material Test Set:
• 97 Rock salt
• 67 Zincblende
• 45 Wurtzite
• 10 Perovskites



At 700K, 
already 

>40% of
the materials

exhibit  
strong
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effects.

0
20
40
60
80 T=300

Eharm≫Eanha Eharm≪Eanh

�A

<latexit sha1_base64="Q8v/B4qJVIiWSwJWr/4bsOy046c="></latexit>

Anharmonicity 

0
20
40
60
80

0
20
40
60
80

0.05 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95

T=700

T=500

Anharmonicity Quantification across Material Space
F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).

200+ Material Test Set:
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• 67 Zincblende
• 45 Wurtzite
• 10 Perovskites



At all  
temperatures,

complex
materials

exhibit 
stronger

anharmonic
effects.
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2) Strong anharmonic effects (Eharm ~ Eanha) are not rare,   especially in complex materials.
F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).

1) Ab-initio Green-Kubo method quantitatively describes the lattice thermal conductivity 
both for very harmonic and for strongly anharmonic systems. 

C. Carbogno, R. Ramprasad, and M. Scheffler, Phys. Rev. Lett. 118, 175901 (2017).

Take-Home Messages



2) Strong anharmonic effects (Eharm ~ Eanha) are not rare,   especially in complex materials.
F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).KNOOP, PURCELL, SCHEFFLER, AND CARBOGNO PHYSICAL REVIEW MATERIALS 4, 083809 (2020)

FIG. 17. Comparison of σ A with experimental lattice thermal
conductivities of 6 wurtzite, 19 zincblende, and 22 rock salt materials
(defect-forming noble metal halides were excluded) with thermal
conductivity values taken from Ref. [49]. Values of σ A < 0.2 are
obtained by one-shot sampling, values >0.2 by aiMD. The diagonal
gray dashed line is a power-law fit of κ300 K with respect to σ A. The
horizontal dashed line separates materials with κL < 10 W/mK and
the vertical line denotes the intercept with the fit at σ A = 0.28.

where N is the number of samples in the test set [42].
The strong inverse correlation between these two properties
shown in Fig. 17 illustrates that σ A is a good descriptor for
anharmonicity by itself because as a material’s vibrational
properties become more anharmonic, its phonon lifetimes,
and therefore κL, decrease. It is remarkable that even without
explicitly including any of the other material properties that
influence κL, such as group velocities or heat capacities, we
get a similar AFD as other semi-empirical models [42,49].
We note that a similar correlation is observed between κL,exp
and σ A for those three perovskites in our data set, for which
experimental values of κL,exp are available [50–52]. However,
these few data points do not allow for a conclusive statisti-
cal assessment. Clearly, this calls for future, more extensive
research on more exhaustive data sets.

Along these lines, we like to stress again that the scope
of the presented method goes beyond thermal transport and
phase transition mechanisms, and potentially applies to any
phenomenon governed by anharmonic effects such as free
energies [53], thermal expansion [54], thermal stability [55],
defect formation [56,57], ferroelectricity [58], and electron-
phonon coupling [59]. Further investigations are expected to
reveal useful relationship between σ A and these target proper-
ties, as the thermal conductivities example above showcases.

Besides these phenomenological aspects, the findings in
this work call for a systematic analysis and scrutiny of all
existing, approximate treatments of vibrations in solids. For
σ A > 0.2, the anharmonic interactions become comparable in
strength to the harmonic ones, and not all phonon branches
might thus be reliably described in the harmonic approxi-
mation. Furthermore, these errors propagate, i.e., they affect
materials properties computed on top of the harmonic ap-
proximation, for instance free energies and heat capacities

as well as thermal expansion coefficients obtained via the
quasiharmonic approximation (QHA). In the later approach,
the anharmonic dependence of the force constants on the
different static equilibrium positions at different volumes is
accounted for, but all other anharmonic effects, i.e., the ones
arising from the actual nuclear motion, are typically neglected
[54,60–62]. Indeed, a recent study shows that the QHA can
severely underestimate lattice expansion in rocksalt NaBr at
room temperature [63]. The fact that we find a σ A(300 K) =
0.40 for NaBr suggests that a large σ A > 0.2 can signal a
breakdown of the QHA. Similarly, perturbative techniques,
which are commonly used, e.g., for computing lattice thermal
conductivities are limited in validity for the same reasons.
In these approaches, anharmonic effects are treated by per-
turbation theory, starting from the harmonic approximation
and assuming the perturbation to be small VA ! V . This
assumption seems to be justified for materials like silicon with
σ A < 0.2, in which anharmonic effects are responsible for
20% of the interatomic interactions at most. However, this
assumption becomes highly questionable for the majority of
materials, which, as shown in this work, exhibit σ A > 0.2.
Especially thermal insulators generally feature large values of
σ A, cf. Fig. 17. The formalism developed in this work is ide-
ally suited to single out and classify well-defined test systems
with different anharmonic strength and character, ranging
from simple harmonic materials (σ A ! 0.20) up to complex
materials featuring phase transitions (σ A " 0.2). Across this
anharmonicity range, nonperturbative methodologies such as
nonequilibrium techniques [64–67] and equilibrium Green-
Kubo approaches [9,10], as well as thermodynamic integra-
tion techniques [53,68–70] can provide reliable benchmarks
for transport and equilibrium properties, respectively, against
which the various perturbative techniques at different degrees
of sophistication [11–18,71–77] need to be validated. This
comparison will allow to identify up to which strength of
anharmonicity σ A these different techniques work reliably
and above which threshold of σ A perturbation theory breaks
down completely.
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FIG. 17. Comparison of σ A with experimental lattice thermal
conductivities of 6 wurtzite, 19 zincblende, and 22 rock salt materials
(defect-forming noble metal halides were excluded) with thermal
conductivity values taken from Ref. [49]. Values of σ A < 0.2 are
obtained by one-shot sampling, values >0.2 by aiMD. The diagonal
gray dashed line is a power-law fit of κ300 K with respect to σ A. The
horizontal dashed line separates materials with κL < 10 W/mK and
the vertical line denotes the intercept with the fit at σ A = 0.28.

where N is the number of samples in the test set [42].
The strong inverse correlation between these two properties
shown in Fig. 17 illustrates that σ A is a good descriptor for
anharmonicity by itself because as a material’s vibrational
properties become more anharmonic, its phonon lifetimes,
and therefore κL, decrease. It is remarkable that even without
explicitly including any of the other material properties that
influence κL, such as group velocities or heat capacities, we
get a similar AFD as other semi-empirical models [42,49].
We note that a similar correlation is observed between κL,exp
and σ A for those three perovskites in our data set, for which
experimental values of κL,exp are available [50–52]. However,
these few data points do not allow for a conclusive statisti-
cal assessment. Clearly, this calls for future, more extensive
research on more exhaustive data sets.

Along these lines, we like to stress again that the scope
of the presented method goes beyond thermal transport and
phase transition mechanisms, and potentially applies to any
phenomenon governed by anharmonic effects such as free
energies [53], thermal expansion [54], thermal stability [55],
defect formation [56,57], ferroelectricity [58], and electron-
phonon coupling [59]. Further investigations are expected to
reveal useful relationship between σ A and these target proper-
ties, as the thermal conductivities example above showcases.

Besides these phenomenological aspects, the findings in
this work call for a systematic analysis and scrutiny of all
existing, approximate treatments of vibrations in solids. For
σ A > 0.2, the anharmonic interactions become comparable in
strength to the harmonic ones, and not all phonon branches
might thus be reliably described in the harmonic approxi-
mation. Furthermore, these errors propagate, i.e., they affect
materials properties computed on top of the harmonic ap-
proximation, for instance free energies and heat capacities

as well as thermal expansion coefficients obtained via the
quasiharmonic approximation (QHA). In the later approach,
the anharmonic dependence of the force constants on the
different static equilibrium positions at different volumes is
accounted for, but all other anharmonic effects, i.e., the ones
arising from the actual nuclear motion, are typically neglected
[54,60–62]. Indeed, a recent study shows that the QHA can
severely underestimate lattice expansion in rocksalt NaBr at
room temperature [63]. The fact that we find a σ A(300 K) =
0.40 for NaBr suggests that a large σ A > 0.2 can signal a
breakdown of the QHA. Similarly, perturbative techniques,
which are commonly used, e.g., for computing lattice thermal
conductivities are limited in validity for the same reasons.
In these approaches, anharmonic effects are treated by per-
turbation theory, starting from the harmonic approximation
and assuming the perturbation to be small VA ! V . This
assumption seems to be justified for materials like silicon with
σ A < 0.2, in which anharmonic effects are responsible for
20% of the interatomic interactions at most. However, this
assumption becomes highly questionable for the majority of
materials, which, as shown in this work, exhibit σ A > 0.2.
Especially thermal insulators generally feature large values of
σ A, cf. Fig. 17. The formalism developed in this work is ide-
ally suited to single out and classify well-defined test systems
with different anharmonic strength and character, ranging
from simple harmonic materials (σ A ! 0.20) up to complex
materials featuring phase transitions (σ A " 0.2). Across this
anharmonicity range, nonperturbative methodologies such as
nonequilibrium techniques [64–67] and equilibrium Green-
Kubo approaches [9,10], as well as thermodynamic integra-
tion techniques [53,68–70] can provide reliable benchmarks
for transport and equilibrium properties, respectively, against
which the various perturbative techniques at different degrees
of sophistication [11–18,71–77] need to be validated. This
comparison will allow to identify up to which strength of
anharmonicity σ A these different techniques work reliably
and above which threshold of σ A perturbation theory breaks
down completely.
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FIG. 17. Comparison of σ A with experimental lattice thermal
conductivities of 6 wurtzite, 19 zincblende, and 22 rock salt materials
(defect-forming noble metal halides were excluded) with thermal
conductivity values taken from Ref. [49]. Values of σ A < 0.2 are
obtained by one-shot sampling, values >0.2 by aiMD. The diagonal
gray dashed line is a power-law fit of κ300 K with respect to σ A. The
horizontal dashed line separates materials with κL < 10 W/mK and
the vertical line denotes the intercept with the fit at σ A = 0.28.

where N is the number of samples in the test set [42].
The strong inverse correlation between these two properties
shown in Fig. 17 illustrates that σ A is a good descriptor for
anharmonicity by itself because as a material’s vibrational
properties become more anharmonic, its phonon lifetimes,
and therefore κL, decrease. It is remarkable that even without
explicitly including any of the other material properties that
influence κL, such as group velocities or heat capacities, we
get a similar AFD as other semi-empirical models [42,49].
We note that a similar correlation is observed between κL,exp
and σ A for those three perovskites in our data set, for which
experimental values of κL,exp are available [50–52]. However,
these few data points do not allow for a conclusive statisti-
cal assessment. Clearly, this calls for future, more extensive
research on more exhaustive data sets.

Along these lines, we like to stress again that the scope
of the presented method goes beyond thermal transport and
phase transition mechanisms, and potentially applies to any
phenomenon governed by anharmonic effects such as free
energies [53], thermal expansion [54], thermal stability [55],
defect formation [56,57], ferroelectricity [58], and electron-
phonon coupling [59]. Further investigations are expected to
reveal useful relationship between σ A and these target proper-
ties, as the thermal conductivities example above showcases.

Besides these phenomenological aspects, the findings in
this work call for a systematic analysis and scrutiny of all
existing, approximate treatments of vibrations in solids. For
σ A > 0.2, the anharmonic interactions become comparable in
strength to the harmonic ones, and not all phonon branches
might thus be reliably described in the harmonic approxi-
mation. Furthermore, these errors propagate, i.e., they affect
materials properties computed on top of the harmonic ap-
proximation, for instance free energies and heat capacities

as well as thermal expansion coefficients obtained via the
quasiharmonic approximation (QHA). In the later approach,
the anharmonic dependence of the force constants on the
different static equilibrium positions at different volumes is
accounted for, but all other anharmonic effects, i.e., the ones
arising from the actual nuclear motion, are typically neglected
[54,60–62]. Indeed, a recent study shows that the QHA can
severely underestimate lattice expansion in rocksalt NaBr at
room temperature [63]. The fact that we find a σ A(300 K) =
0.40 for NaBr suggests that a large σ A > 0.2 can signal a
breakdown of the QHA. Similarly, perturbative techniques,
which are commonly used, e.g., for computing lattice thermal
conductivities are limited in validity for the same reasons.
In these approaches, anharmonic effects are treated by per-
turbation theory, starting from the harmonic approximation
and assuming the perturbation to be small VA ! V . This
assumption seems to be justified for materials like silicon with
σ A < 0.2, in which anharmonic effects are responsible for
20% of the interatomic interactions at most. However, this
assumption becomes highly questionable for the majority of
materials, which, as shown in this work, exhibit σ A > 0.2.
Especially thermal insulators generally feature large values of
σ A, cf. Fig. 17. The formalism developed in this work is ide-
ally suited to single out and classify well-defined test systems
with different anharmonic strength and character, ranging
from simple harmonic materials (σ A ! 0.20) up to complex
materials featuring phase transitions (σ A " 0.2). Across this
anharmonicity range, nonperturbative methodologies such as
nonequilibrium techniques [64–67] and equilibrium Green-
Kubo approaches [9,10], as well as thermodynamic integra-
tion techniques [53,68–70] can provide reliable benchmarks
for transport and equilibrium properties, respectively, against
which the various perturbative techniques at different degrees
of sophistication [11–18,71–77] need to be validated. This
comparison will allow to identify up to which strength of
anharmonicity σ A these different techniques work reliably
and above which threshold of σ A perturbation theory breaks
down completely.
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the dynamics of which deviates considerably from the parabolic 
harmonic models typically used for this purpose in solid-state 
physics. Fully accounting for these anharmonic effects, which limit 
heat transport in solids, is thus key for an accurate assessment of 
materials with low and ultra-low κ(T,p). As an example, Fig. 1 shows 
the thermal conductivities computed with the ab initio Green-Kubo 
method for Silicon and Zirconia, two materials featuring particu-
larly weak and strong anharmonic effects, respectively. In both cases, 
the developed methodology achieves excellent agreement with 
experiment – despite the fact that the time and length scales of 
heat transport differ considerably in Silicon and Zirconia, as evident 
by the fact that the values of κ(T,p) span two to orders of magni-
tude. Besides reproducing and predicting thermal conductivities, 
the ab initio Green-Kubo approach gives full access to the micro-
scopic details of the nuclear motion and thus yields important 
insights on the mechanisms that drive the nuclear dynamics and 
heat transport in different materials. In this context, it is important 
to note that the precision and the wealth of information of the ab 
initio Green-Kubo method come at a considerable computational 
cost: Each computation of κ(T,p) involves solving several ten-thou-
sand electronic-structure calculations. Accordingly, such simula-
tions are currently only possible on massively parallel high-perfor-
mance computing (HPC) installations.

HIGH-THROUGHPUT MATERIAL SPACE EXPLORATION Although 
the described ab initio Green-Kubo approach allows to compute heat 
transport in thermal insulators with unprecedented accuracy, it does 
not lend itself to an extended exploration of material space, since 
the computational cost to investigate all possible candidates would 
be prohibitive. To overcome this hurdle, the NOMAD Laboratory has 
developed metrics and workflows for rapidly and reliably discerning 
good thermal conductors from potential thermal insulators. In a nut-
shell, each material is classified by a single number, the σA metric, 
which quantifies how influential anharmonic effects are on its 
nuclear motion. As shown in Figure 2, this σA metric then allows 
estimating the thermal conductivity of a material. Compared to full 
ab initio Green-Kubo calculations, these estimates come at a negli-
gible computational cost, since they only require a dozen electron-
ic-structure calculations per material. Accordingly, this enables a 
high-throughput exploration of material space, covering thousands 
of different compounds. Being able to rapidly scan over so many 
materials is key for identifying those compounds with optimal 
properties – like finding a needle in a haystack – and thus again 
requires massively parallel HPC resources. From this huge pool of 
investigated compounds, the employed hierarchical approach 
allows to single out the few, most promising candidate materials, 
which are then further investigated with the ab initio Green-Kubo 
method, as sketched in Figure 2.

Fig. 2: Sketch of the employed hierarchical workflow. After determining the anharmo-
nicity metric σA, good, but uninteresting thermal conductors can be discarded. As an 
example, we here show a representative subset of experimentally measured thermal 
conductivities κ at 300K as a function of the anharmonicity metric σA. Those potenti-
ally ultra-insulating compounds with high values of σA are then investigated using the 
ab initio Green-Kubo approach, to accurately determine κ(T,p).
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periments aiming at measuring other properties next to thermal conductivity,
in particular the thermoelectric figure of merit, typically do not attempt to
reproduce the bulk thermal conductivity, and use less dense samples. The
resulting thermal conductivity will then be influenced severely by the details
of the sample processing, and a comparison to bulk thermal conductivity is
not meaningful. However, some experiments specifically aim at reproducing
polycrystalline samples of near-bulk density in order to assess the bulk ther-
mal conductivity of a material. The experiments on polycrystalline samples
considered in this work are of this type.

A comparison of thermal conductivities computed via the aiGK method
as introduced in the previous chapter and the experimental literature is shown
in Fig. ??. We find overall very good agreement in the 21 considered mate-
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Figure 6.2: Comparison to experiment.
Bullets(•): Single crystal. Stars (¢): Con-
tains data from polycrystalline experiment.
Error bar in y-direction: Statistical uncer-
tainty for ^aiGK from standard error over in-
dividual trajectories. Diagonal line: Agree-
ment with experiment or mean of experi-
ments if multiple available. Dark grey re-
gion: Agreement between mean experiment
and mean computation with ±15 % devia-
tion. Light grey region: Agreement be-
tween mean experiment and mean compu-
tation with ±50 % deviation.

rials, with 10 out of 21 being within experimental accuracy of ±15 %, and
all other within an “extended experimental accuracy” which we choose as
±50 % within the average experimental reference, reflecting the high degree
of variation in experimental values for materials where a significant amount
of references is available, see especially the discussion in Ref. [?].

Figure 6.3: Harmonic heat capacity per for-
mula unit 2ha

+
for LiH compared to the clas-

sical Dulong-Petit value.

The strongest deviation from experiment is seen for LiH, which is com-
puted as ^

aiGK = 23.6 ± 4.0 W/mK, where the available experimental value
is ^

exp = 14.7 W/mK [?]. However, both lithium and especially hydrogen
are light elements, so that LiH is not fully classical at room temperature,
as can be estimated by comparing the harmonic heat capacity of LiH at
300 K to the classical Dulong-Petit value in Fig. ?? [?]. The harmonic heat
capacity for LiH is only at about 50 % of the classically expected value of
6' = 49.9 J/mol/K for solids with two atoms in the unitcell. This value can
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ment with experiment or mean of experi-
ments if multiple available. Dark grey re-
gion: Agreement between mean experiment
and mean computation with ±15 % devia-
tion. Light grey region: Agreement be-
tween mean experiment and mean compu-
tation with ±50 % deviation.

rials, with 10 out of 21 being within experimental accuracy of ±15 %, and
all other within an “extended experimental accuracy” which we choose as
±50 % within the average experimental reference, reflecting the high degree
of variation in experimental values for materials where a significant amount
of references is available, see especially the discussion in Ref. [?].

Figure 6.3: Harmonic heat capacity per for-
mula unit 2ha

+
for LiH compared to the clas-

sical Dulong-Petit value.
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below the transition temperature, this configuration only occurs sporadically
on the time scale of several picoseconds during the simulation, and is therefore
not fully stabilized.
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Figure 4.15: Time-resolved anharmonicity
measure f

A (C) for zincblende CuI in three
molecular dynamics runs of 60 ps length. In-
creased values of f

A (C) are found in all
three trajectories.

Copper iodide (CuI), also known as marshite, is a simple material with fcc
lattice of the zincblende type. This phase is also known as the W phase (W-
CuI). The time-resolved anharmonicity measures are shown in Fig. 4.15 for
three trajectories of 60 ps simulation time. The characteristic features are the
jumps in f

A (C) from values of fA (C) ⇡ 0.5 to f
A (C) ⇡ 1.2 or 1.6. In the

simulated time period, these values are taken for 3 to 12 ps, before the initial
value of fA (C) ⇡ 0.5 is restored.

Figure 4.16: CuI viewed in (110) direction.
Top: High-symmetry zincblende structure.
Middle: Copper ion in lower-right quadrant
moves into interstitial site along (111) direc-
tion when f

A (C) ⇡ 1.2. Bottom: Several
defects form when f

A (C) ⇡ 1.6

As in the case of KCaF3, we compare two time-averaged structures in
Fig. 4.16: A time average with respect to the entire simulation time reveals
the perfect zincblende structure of CuI which corresponds to the minimum
of the potential-energy surface. When averaging over the time span where
f

A (C) ⇡ 1.2, however, the average structure has one Cu atom diplaced along
the (111) direction. Viewing the supercell in (110) direction, the diplacement
is clearly visible (Fig. 4.16, middle). This means that the Cu occupies a
metastable interstitial site at the given position for the respective time period.
When f

A (C) is restored to the base value of fA (C) ⇡ 0.5, the Cu atom moves
back to the high-symmetry reference position within the zincblende struc-
ture. The third trajectory shown in Fig. 4.15 c) evolves to a situation where
f

A ⇡ 1.6. This corresponds to a situation, where more than one defects
forms (Fig. 4.16, bottom).

W-C�I �� ����� �� ������� � ����� ���������� �� � ����������
���������� V ����� above 643 K [150–153]. It is very likely that the
defect formation observed in the aiMD simulations at 300 K are precursors
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forms (Fig. 4.16, bottom).
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only be taken as an upper boundary to the deviation in thermal tranpsort
properties expected from the lack of nuclear quantum e�ects (NQE), since
low-frequency phonon modes already behave more classical at the given tem-
perature. A significant overestimation by the classical Green Kubo method
can nevertheless be expected in this material. Interestingly, the aiGK value
agrees very well with another computational study by Lindsay, who found
a value of ^ = 23.00 W/mK using third-order Boltzmann transport [?]. In
that approach, the quantum nature of nuclei should be better captured than
in the aiGK method, and Lindsay ascribes the deviation from experiment to
higher-order phonon-phonon interactions neglected in their approach. This
discussion is in line with the more phenomenological discussion proposed by
Slack in Ref. [?], where he points out the strong anharmonicity in LiH that
manifests in the change of phonon frequencies as measured by the Grüneisen
parameter. Indeed, in this study we find a value of f

A = 0.30 for the
strength of anharmonicity in LiH, which can be expected to be even larger
when nuclear quantum e�ects are considered.1 We therefore suggest LiH 1 NQE increase the anharmonic strength of

LiH at room temperature to about f
A =

0.36 [?].
as an interesting yet simple candidate for studying the interplay of strong
anharmoncity and nuclear quantum e�ects in bulk solids in future work.

6.3 New materials and relation to anharmonicity

After validating the aiGK method against experimental literature, we present
results for 32 materials without experimental reference. We display these check
values in the context of the ^ vs. f

A plot introduced in Fig. ??, where we
identified a power-law relation of experimental thermal conductivities with
the anharmonicity measure f

A for simple elementary and binary materials.
We show the data again in Fig. ??, but this time including the additional,
non-experimentally measured materials computed in this work.
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Figure 6.4: Thermal conductivity at room
temperature vs. anharmonicity measure.

Figure 6.5: Summary of the range of thermal
conductivities for materials without experi-
mental reference found in this study.

It is apparent that the correlation between thermal conductivity ^ and f
A

carries over from the simple materials to the more complex binary and ternary
compound classes studied in this work, since the power-law fit in Fig. ?? is
still performed with respect to the experimental values initially presented
in Fig. ??. While the overall trend of decreasing thermal conductivity with
increasing anharmonicity is clearly preserved, the spread of ^ values for
materials with similar fA or vice versa increases, which is expected due to
the increased structural and chemical complexity of the studied materials.

Focusing on the new materials, we show a zoomed-in part of the ^ � f
A

plane in Fig. ??, with only computational data, highlighting the materials
where no experimental reference is available. In particular, we find 28 new
materials with a computed bulk thermal conductivity of ^aiGK

< 10 W/mK,
24 of which show ^

aiGK
< 5 W/mK, and 8 with ^

aiGK  2 W/mK. A full
list of all values is given in Tab. ??, and a histogram of the values is shown
in Fig. ??. The materials of very low thermal conductivity comprise simple
binary, cubic materials such as the rock salt structures CsF (^aiGK = 0.84)
and LiI (^aiGK = 1.07), or the fluorite structure Na2Te (^aiGK = 1.64).
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