Chapter 1

Atomic basis sets

about this chapter, lcao, mention that we use pseudo wfs for lcao, etc

1.1 Localized functions

Basis functions, projectors, compensation charges and several other entities the
nature of which was never meant to be understood by mortals, are compactly
supported functions defined on real space, each being centered on an atom.
Generally, each such function is represented as an arbitrary radial part times
an angular part, which is a spherical harmonic function.’

Implementation-wise, the radial part is stored as a spline on a one-dimensional
grid, whereas the spherical harmonics can be accounted for in ways that do not
require tabulations of function values.

For any such function X on any atom a we may write

X(r) = X(r" = R") = x(r")Yim (£%), (L.1)

where r® = r — R® are nucleus-centered coordinates.

1.2 Two-center integrals

Inner products between localized functions appear in several places, most no-
tably the total energy expression. It is for this reason necessary to calculate the
product integral of two localized functions ®(r) and X(r). In all relevant cases,
one of the functions is a basis function whereas the other is either a basis func-
tion, the laplacian of a basis function, or a projector function. The functions
are centered on atoms a and b with coordinates R® and Rb, where a and b are
probably distinct. Define

U (r") = o(r")YL, (2), (1.2)
X'’ = x(r")YL, (). (1.3)

L More generally, the spherical harmonics are complete, i.e. every angular function can be
expanded as a linear combination of several or infinitely many spherical harmonics, but for our
purposes it suffices to consider functions with only a single spherical harmonic. Redeemingly,
the more complicated case can be reduced to multiple single-spherical harmonic cases.[?]
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The overlap integral is nominally a function, say O, of both nuclear coordinates
R® and R’, though in fact it only depends on the atomic separation vector
R=R’-R"

(®]X) = /cp*(r —RY)X(r — RY) d%r (1.4)
= /@*(r)X(r ~ R’ +R%) d’r, (1.5)

which is then
O(R) = /(ID*(r)X(r ~R)d% (1.6)

The inner product is calculated through a Bessel transform blahblah explain
the whole thing...

=4y /Oo &* (k) x (k) Jy(kr)k* dk
L
X Yzm*(fi)/Yil(ﬁ)YLQ(ﬁ)Yzm*(ﬁ) d’k (1.7)

thus if... blahblah Gaunt coefficients...
G, = [ Vi (Yi )Y () % (13)

and blahblah radial part

O(R) — 4l / i) (k) x (k)2 dk (1.9)
0

(1.10)

and finally
OR) = (2[X) = Z@L(R)YL(R) (1.11)

L

The summation over L includes all m = —[...[ for each [ = 0...00, but for
some reason all contributions above a certain value, l,.x = l1 + I3, are zero. In
fact the only relevant values of [ are lyax, lmax — 2, - - + 5 lmin, Where I, may be

0 or 1 depending on whether I, is even or odd.

Interestingly, if two distinct atoms possess identical localized functions, then
those functions will share the radial function for the purposes of all their over-
laps. Thus it is necessary only to store splines for every unique pair of localized
functions, even though the final arrangement of atoms would involve superfi-
cially different overlap integrals.

Specifically we define the kinetic energy overlap matriz T, , the projector



overlap matriz? P, and the basis function overlap matriz S,

T = (®,|-3V7|@,), (1.12)
P = (P} 1Pu) (1.13)
Suv = (Bu|S[®) = (R[D,) + > (Ru[F) A0 (H4[R,).  (1.14)

aij

The use of these matrices will become evident in Chapter Many

1.3 Derivatives of two-center integrals

For the purposes of atomic force calculations, it is necessary to differentiate over-
laps with respect to nuclear coordinates R®. This also involves a derivative of
the two-center integral expansions (1.11). Since the real solid spherical harmon-
ics Y},, are simply polynomials of the cartesian coordinates, it proves convenient
to transfer a factor of R' from the radial part to the formerly angular part:

~ O (R
O () = 2D, (1.15)
Vim(R) = RV (R). (1.16)
Then the overlap integral takes the form
O(R) =Y OL(R)YL(R)=>_ OL(R)YL(R). (1.17)
L L
Differentiation with respect to R yields
dO(R) dOr(R) - dY7z(R)
= { R + oum
OB s o dAVL(R)
= EL: { 1 Ve(R)R+Or(R)— =" ¢ (1.18)

where we have used % = 7 and so on. In this form all variables are trivially

evaluated: spline derivatives are blahblah...

NB! The following should be moved to some later chapter, since it contains
as of yet undefined variables.

Differentiation of an overlap with respect to a nuclear coordinate R® works
out somewhat differently depending on matters of localized function ownership:
if e.g. both or none of the localized functions reside on the atom in question,
the overlap is translation invariant. This combined with (1.5) trivially yields

0 nLEa, vEa

00,,(R" —R") |- peca, véa
—  pa = do,.’ (1.19)
OR w M ¢a, veEa

0 w¢a, véa
where blahblah then

2blahblah PAW article defines this differently, but that definition is bad because we like
our matrices to have antilinear/linear behaviour wrt. rows and columns, thank you very much
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SR P = D e o+ Y S pu (1.20)
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de,, dO .
== dRZV Pop + Z dRZV Pvp (1.21)
nea néa
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The former term can be rewritten by interchanging symbols, then reversing the
atomic separation vector:

IS 00, 007,
_Z 8Rﬁu vp = Z aRVZ Puv = Z aR;u/ pu;u (122)
M;a néa néa
v¢a vea vea

which yields the final expression

90, do,.,
Z IR® “na Prp = 2% Z ARAY 5 v Prus (1'23)
124 néa

vea

where R denotes the real part.

1.4 Matrix formulation

Fundamentally, each of the N single-particle pseudo wave functions |¥,,) is
expressed as a linear combination of the M basis functions |®,,):

Up) = ml®y), cun €L, (1.24)
1

where L is either the reals R or complex numbers C. The matrix of expansion

coefficients C = [c,,,,] € LM*N corresponds to the transformation matrix from

the pseudo wavefunctions {|¥,,)} to the LCAO basis {|®,)}, though it does not

technically represent a change of basis since it is not generally a square matrix.?
Now, for any operator A, we may write

(U, |A|T,,) ZCW Wl ALY Cym, (1.25)
which in matrix notation becomes the familiar-looking
A'=CIAC, (A)u = (D,]A412,), (A)mn = (V| A|T,). (1.26)
Specifically, the pseudo wavefunction orthogonality condition becomes

(0,9 %,) ch 1818, Cm = Onm (1.27)

or

c'sc=1"" 3§, =(9,9]0,). (1.28)

3In practice some circumstances, such as matrix diagonalization, prompt the adoption
of square matrices. The band count N is then increased to M for the purposes of these
operations, while the extraneous columns are discarded afterwards.



Let F = diag({f.}) be the diagonal matrix of occupation numbers f,, and define

p=CFC', p,, = Zc,mfncﬁn. (1.29)

Observe that for any operator A,

> falUn]A[0,) = Tr[FCTAC] = Tr[CFC'A] = Tr[pA], (1.30)
i.e. p represents the state operator.

1.5 Variational problem

The energy blahblah by varying the wave functions which, in our case, means
the coefficients. The energy is, however, determined by the state operator?
p= CFC'. We may write

Q = E(p)~ Aum (<\izm|5*|\ifn> _5,%) (1.31)
= E(P)= Y Aum (c;m<¢>u|§|¢>,,>c,,n—5mn>. (1.32)

The minimal energy occurs at a point where the energy is stationary with respect
to the coefficients {c,m }. Obviously we want to differentiate by ¢, but it turns
out that we might as well differentiate by its complex conjugate ° Clyms Which

happens to look slightly less ugly on paper (the other is left as an exercise to
the reader).

o OFE Opuy
ocgy, " v Ocgy,
ac*m 8 vn A~
57 N | A+ 2 ) (@,,]8]@,) =0 (1.33)
—" Cek Ocgy,
Observe that gi*i” = 0y¢0nk, Whereas 22’1" = 0. Then
&k (13
Opuv Ocun oc’
y nam et | fu =0 1.34
80& CZ Cun + Cu 8czk f fc,ukfk ( )

4Hmmm. We know that this is not the true state operator since it does not include core
state contributions. However, it appears to be the state operator for the isolated Kohn-Sham
Hamiltonian, i.e. it can be called the Kohn-Sham state operator. While this only applies
to the Kohn-Sham energy functional, I seem to remember something about the KS energy
having the same minimum as the actual total energy functional, for which reason the KS state
operator is sufficient to characterize the true minimum. Does this make sense at all?

502, being a function of multiple complex variables, is here perceived as an explicit function
not of M N whole complex numbers {cun }, but rather all the 2M N conjugate pairs {cun, ¢}y, }-

He*
This ensures that the differently-conjugated partial derivatives az"’” are well-defined (and
indeed zero) in spite of complex conjugation not being an analytical operation in the sense

that it violates the Cauchy-Riemann equations everywhere.
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normalized meaningfully.



If we define H,,, = oF

BPVN’
o—ﬂ—ZH Cunfi — > (Pe| S|Py)eun A (1.35)
D, L e |

which is seen to be the (§,k)th element of a matrix product. Since this is
supposed to be the case for all (£, k), we can reformulate it as a matrix equation

HCF = SCA. (1.36)

Differentiation by c, rather than CZk simply results in the “adjoint” equation
FC'H = AC'S, which is completely equivalent to (1.36) for real H, S and A.
If all variables are assumed real, the result (1.36) is also obtained, a factor of 2
appearing on both sides due to the now quadratic dependence on coordinates.



Chapter 2

Force calculations in LCAO

2.1 Differentiation of big expression

F? is calculated as the derivative of the total energy with respect to the nuclear
coordinates R® of atom a. The plan is to use the chain rule after identifying a
suitable set of parameters through which to differentiate. Recall that the total
energy L is

E:E’JrZ(E“—E“), (2.1)
where
_ U [ o oo
E=3 puu(®ul=5V?|20) + 5 /vHa(r)p(r) d’r
Nz

+y / ()0 (r®) d3r + Exc[f). (2.2)

The atomic contributions E% and E® can be lobbed together in an expression
AE® = E*—E° which is a function of the atomic density matrices Dy; and some
atomic variables. It is important that apart from Df;, all other variables in AE“
are defined in a purely atomic context, i.e. the only dependence on environment,
and thus nuclear position, is through Df;. Thus AE® is a function only of D}
for the purposes of differentiation with respect to nuclear coordinates.

With this and (2.2) in mind, the total energy will be regarded as a function
of the following variables, where each variable is itself dependent on the nuclear

coordinates in some manner yet to be described:
e The density matrix elements p,,,

e The kinetic energy overlap matrix 7}, = (®,| — 3V?|®,)

The pseudo charge distribution j(r)

The electron density 7(r)

The zero potentials 7 (which move rigidly with the atoms)
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e The atomic density matrices Dj;

The force is

. OE
F= o (2.3)
Z OF pu  ~ OF 0L OE 9j(r)
Opps OR® 2= 3T, GR* | 3p(r) OR"
OE Oi(r) / OF 00°(r) . OE 9D,
* / on) oR* YT | Gy ome T T 9Dy, OR" (24)

where we have used that the only non-zero atomic contributions are those that
correspond to atom a in particular. The force contributions from each of these
partial derivatives will now be evaluated in turn.

State operator contribution

Using the ;Ti = H,, as well as HCF = SCA and its adjoint,

OF dp,. d «
Zap di:a :%V:HV#W;C#HJCHCV“

deun dej,
- Z { dl:lla nConHup + HupCun fn o dRa }

urn

[ dC

dact
HCF-——
| dR®

dR*®

=Tr

CTH} + Tr

[ dC
| dR”

=Tr (c*sdC 1<

dct
SCA—
dR*®

t
—-SC
This horrible mess, however, can be cleared up by using the orthogonality con-

dition C'SC = 1. By differentiation with respect to R%,
dc’ ds dC dI

=Tr

ACTS] +Tr

dR®  dR (25)

f f = = 2
IR° SC+C IR C+C SdR“ IR° 0, (2.6)
thus allowing the simplification
OF dpu. ds
= C'——.CA 2.7
Z Opuy dR? { dR* ] 27)
= - E enfn Cun 81{: vn- (28)

purn

The expression for the PAW-corrected overlaps might complicate matters some-

what... also, the A elements are A,,, = €,f,. Regarding the PAW-corrected
overlaps:
83 zy 8PV
= Py, + P2 2.
aR" aRa ZO { oR® i R } (2.9)
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where 0, = (®,|®,). (luckily this entire thing is calculated in the code some-
where, though it’ll be difficult to see how the summation set is reduced.)

Kinetic energy contribution

The kinetic energy contribution is simply

OE 01,, T, dT,,,
= o = 2% £ 5, 2.10
aT#V aRa 8Ra p 22 Z dRp,Vp e ( )
wv pita
vea
Charge contribution
In this case we use that
E
OF _ jna, (2.11)
ap

Recall that n is a separate parameter in chain rule context, so n is constant
in this expression. Then p=n+ )", Z“(r“) is a function only of the compen-
sation charges Z% which are completely independent from the LCAO scheme.
Therefore the expression is completely equivalent to the ordinary non-LCAO
case

OE 0p(r) dgg (
950) IR d’r / ZQL df{“ . (2.12)

Pseudo density contribution

In this case our magical expression is

oF
aﬁ = Ueff- (213)
We know
an U, [r) (x[D,,) +Zn (2.14)
= an Crn (@ 1) (x|P, cyn+z (2.15)
npy
=Y (X, (r) + Y e (2.16)
1224 a
Then
OE 0n(r) 5 [ on 9 . ,
3ﬁ(r) IR d°r = /Ueff(r) [aRa +§P,}H8Rfa (‘I)M(I‘)(I),/(I‘)) d°r
(2.17)
- on
Z/veff(r) gR(;) d’r (2.18)
ov, |. o0,
+ Zpuu [<8Rla Veft (I)u> + <<I>u Voft RE >} (2.19)




FiXme: if I remember
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The code appears to contain an LCAO effective potential matrix. I wonder if
this matrix can be used for the integral. Unfortunately this part is grid-based,
so it’ll probably be inefficient to evaluate this. Until now we can just write

OFE 0n(r) 4 ~ Ong(r) 5 aV#V
d°r d°r P, 2.20
i(r) OR® / Yert (r) 5 R *Z JR° (2:20)
where V,, = (P, |Test|Dy).
Zero potential contribution
The v contribution is straightforwardly
OE 0v*(r) _, ., 00%(r)
d’r = d 2.21
9ve(r) OR® O / ) Gpa 4T (221)
and is therefore not dependent on LCAO specifics.
Atomic density contribution
We know that
E AE“
or 9 = HY, (2.22)

oD~ oDy IV

where Hf; are expressions containing Dy, plus a multitude of variables that per-
tain to the isolated atom, being independent from LCAO specifics. Specifically,
H}: is a second order polynomial in {D .} with the coefficients precalculated for
the isolated atom. Next,

= Z fn<ﬁg|\iln><\i'n|ﬁ?> = Z@?lq}u)cunfncin(cbu‘ﬁ%

nuv

=D (19w o (55 (2.23)

N2

which is equivalent to the matrix expression
D* = P*pP*! (2.24)
where P, = (p¢|®,,)." Therefore

oD*  oP¢ opat
_— = at vr
ore ~ or* Pt PP R (2.25)
and finally
oF 8Df‘ " 8PZ s . 6Palj«
oD% 8Raj - Z Hjiplw (aRZP Pw IR° > (2.26)
ij v ijpuv
oP* opet
— a at a at
[ (2 g oot Y]

depending on whether we like matrices or not.

! Note that the variable P2, = (ﬁf\\iln) used in [?], confusingly, corresponds to the transpose
of this.

10



Big formula

This gives a total force expression (NB! there’s some fuss with the complex
conjugation of the P;,, so this might not be entirely correct)

oPe,
Fe — Z Zp”” ( 81{’; Pa + Pll:;k 8Ra>
ij
0T, 90,
- Z a]{a Pvp — Z €nPupu 8]{11
pv pn,

Wow o 9ne(r)
_Z 8Ra V _/U (I‘) aRa d3r
0G% ( _, , do*(r)
/ ZQL a[]é‘a /n(r) dRa(r) d3r

- [imY @i e S ooy e

L a’LL’

where we have magically included the last two terms because they are in JJ’s
article. Specifically Equation (34) from JJ’s article. This is a correction to E
which I have overlooked so far because it’s not on the developer documentation
page! Anyway, this should be correct I think, since they are LCAO-independent.

Miscellaneous bad things

%‘g‘j probably has to be evaluated on the grid or something, depending on what

it actually contains.

The partial derivatives are written in terms of R here. In reality we want
use R* instead, thus changing variables to those used for the overlap splines
O, (R). But this is quite tricky for the S, case with all the projector overlap
products and summations over intra-atomic entities.
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