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úå�PÕ
ÄÑÓÐÓ]ÄÐ�êÌRÃoÄÆÅ%ÅR�tË-ÌRÄÐÉ+��Ë-É��WÅ¦ÄÆÔ��tÈ�ÍâÅ¦ÄÐÏ
ÇoÓÑ�PÕáÍ8Ú���ÇoÈ®É+ÎWÓÑ�tÏ#Õ
ÃoÄÆË<Ã�ËAÍ+�GÎ/�PÅRÉ+ÓÐÚ+�?ÔvÍ+�WÍ1ÓÐ×�ÌRÄÆËAÍ1ÓÐÓÐ×+Ý
úå��Ë-É+�SÅ¦ÄÆÔ��AÈIÍ1�
ÄÑ�oÞW�oÄÑÌR��É�Ë-�?Í1�
Õ
ÄÑÌRÃÀÍ ~ Í1Ì ~ ÉhÉ+È�É+Ø]Å¦É�Ï���Ôo�AÇ�Ì®Ã

h
ÄÑ�âÕ
ÃWÄÐË<Ã
Ì®Ão�AÈ®�
ÄÐÅIÍ�ÏâÍ+Å®Å¦ÄÐÚ+�

Ë-×hÓÐÄÑ�WÔoÈRÄÆËAÍ+Ó�Ë-É+�SÅ°Ì®ÈR�WË-ÌRÄÐÉ+�åÉ1ØIÈ<Í+ÔoÄÑ�WÅ
a
 ]ÅR�A�âîuÄÑÒ��oÈR�À�oÝ � Ý�Â�ÃW�
ÞSÅ¦ÃjÄÆÅ�Í+Å®Å¦�oÏ
�?Ô�Ì®ÉGÎ/�âÄÐ��ÞW�oÄÑÌR�tÓÑ×

Å¦ÏâÍ+ÓÑÓYÝ¬á�-ØÙÉ+È®��Õá�vÌRÈ®×�ÌRÉåÞW�WÔxÍ1�	Í+�WÍ1ÓÐ×�ÌRÄÆËAÍ+ÓáÅRÉ+ÓÐ��ÌRÄÐÉ+�	ÕI�GÕ
ÄÐÓÑÓ�ÃWÍ8Ú��ÀÌRÉ�Ë<ÃoÉhÉ�ÅR�êÍ1�	Í+ÇoÇoÈ®É+ÇoÈ®ÄÆÍXÌR�
Ë-ÉhÉ+È<Ô�ÄÐ�WÍXÌ®��Å¦×�Å¦ÌR�AÏêÝ���ÄÑ�WËA��ÌRÃo�¶Ë-É+�SÅ°Ì®ÈR�WË-ÌRÄÐÉ+�GÄÐÅ%ÍâË-×hÓÑÄÐ�WÔ��tÈ�ÄÑÌ�ÄÐÅ
�SÍXÌR�WÈ®Í+ÓlÌRÉÀË<ÃoÉhÉ�Å¦��Í
Ë-×hÓÐÄÑ�WÔoÈRÄÑñ
ËAÍ+ÓaË-ÉhÉ+È<Ô�ÄÐ�WÍXÌ®�ÀÅ¦×�Å¦ÌR�tÏG _Í+ÅºÅRÃoÉXÕ
��É+�ãîuÄÑÒ��oÈ®����Ý³�� ]Õ
Ão�tÈR�âÕá�ÀÃWÍ8Ú��
Ço��Ì

z = 0
ÍXÌ�Ì®Ão�ÀÉ�Ë-�?Í1�

Å¦�WÈ¦ØNÍ�Ë-�+Ý�úå�%Õ
ÄÐÅRÃâÌRÉ¶Ô��tÅ®Ë-È®ÄÑÎ/�
Ì®Ão�%ÇoÈ®É+ÇSÍ1Ò�Í1ÌRÄÐÉ+��É1ØlÕ�Í8Ú+�tÅ�ÄÑ�
Ì®Ão�%ÚhÄÆË-ÄÐ�oÄÖÌ°×
É+Ø/Ì®ÃoÄÆÅIËAÉ+�WÅ¦ÌRÈ®�WËLÌ®ÄÑÉ��] 
Å¦Ç/�tËAÄÖÞ/ËAÍ1ÓÐÓÐ×vÕ�Í8Ú+�?Å�É1Ø{Ú+�tÈR×vÓÑÉ��oÒÀÕ�Í8Ú+��ÓÑ�t�oÒ1Ì®Ã
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ÅR�WË<Ã�Í+Å�Ì®ÅR�o�WÍ+Ï�Ä_ÕáÍ8Ú��tÅ��tÝSÂ�ÃWÄÐÅ Z¨�o7X@B@Ð>¯¤¤a7XK±;-J Í+Å®Å¦�oÏ
Ç�Ì®ÄÑÉ��vÕ
ÄÐÓÐÓlÒ+È®�tÍXÌ®ÓÑ×ÀÅRÄÐÏ�ÇWÓÑÄÑØÙ×ÀÌ®Ão��Ï�É�Ô��tÓMÝoîuÄÐÈ®Å¦Ì
ÕI��Õ
ÄÐÓÑÓ]ËAÉ+�WÅRÄÆÔ��AÈáÌRÃW��ÇoÈRÉ�ÇWÍ1Ò�ÍXÌ®ÄÑÉ��

É1Ø�ÅR�WË<ÃÀÕ�Í8Ú+�?Å�ÄÐ��Í1�v�A��ÌRÄÐÈR�tÓÑ× ;M®�ù�K�� ÅR�tÍo �Í1�WÔâÌRÃo��ÈR�?Å¦�WÓÖÌ<Å�ØÙÈ®É+Ï ÌRÃWÄÐÅáÏ
É�Ô��AÓ/Õ
ÄÑÓÐÓ�ÎS��Í1ÇWÇoÓÑÄÐ�tÔâÌRÉ
É+Î�Ì<Í1ÄÐ��Ì®Ão�ºÔ��?Å¦ÄÐÈR�?ÔvÔo�tÅ®Ë-È®ÄÑÇ�Ì®ÄÑÉ��vÉ+Ø_Ì®Ão�ºÔ�×h�WÍ+Ï�ÄÆËAÅ��W�tÍ1ÈáÌ®Ão�ºË-É��WÅ°Ì®ÈR�SËLÌRÄÐÉ+��Ý

ë±�(Ì®Ão�êÉ+Ç/�A��ñ±ÅR�tÍjËAÍ+ÅR�GÕI��Ë-É��WÅRÄÐÔ��tÈâÍåÅRÄÑÏ
ÇoÓÐ�êÕáÍ8Ú��+ 
ηi
 {ÇoÈ®É+ÇWÍ+Ò�ÍXÌ®ÄÑ�WÒ!ÄÐ�xÅRÉ+Ï
�êÔ�ÄÑÈ®�tË-ÌRÄÐÉ+�

Õ
ÃoÄÆË<Ã�Õá��ÃWÍ+ÇoÇ/�A�ÀÌ®É�Ôo�-ÞW�o��Í+ÅaÌRÃW�
x
Ô�ÄÐÈR�?ËLÌ®ÄÑÉ��]Ýhúå��ÈR�?Ü��oÄÑÈ®��Ì®ÃWÍXÌáÌRÃW��Õ�Í8Ú+�%ÎS��ÃWÍ+ÈRÏ
É+�WÄÐË+ �ÄYÝ ��Ý

Ô��tÅ®Ë-È®ÄÐÎS�?ÔêÎ�×êÍ
Ì®ÄÑÏ
�¶Ôo�AÇ/�A�WÔ��t��Ì%ØNÍ+Ë-ÌRÉ�È
exp(−iωt) Í+�WÔ�ÅRÇWÍXÌ®ÄÐÍ+Ó�ÚXÍ1È®ÄÐÍ1ÌRÄÐÉ+� exp(ikx)

Õ
Ão�tÈR�
ωÄÐÅIÌ®Ão��Í+�oÒ+�WÓÐÍ+È�ØÙÈ®�tÜ��o�A�SË-×âÔ��-ÞS�o�tÔGÍ+Å

ω = 2π
T

 �Õ
ÃW�AÈ®�
T
ÄÆÅIÌRÃo��ÇS�tÈRÄÐÉ�Ô�Í+�WÔÀÍ+Å®ÅR�oÏ
�tÔÀËAÉ+�WÅ¦Ì®Í+��Ì? 
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ÄÆÅ
Ì®Ão��ÌRÄÐÏ
�!Í1�SÔ

k
ÄÆÅ
ÌRÃo�!ÕáÍ8Ú��A�h�oÏPÎ/�AÈâÔ��AÞW�o�?Ô�Í+Å

k = 2π
L

ÝáÂ�É L��A�tÇ(Ì®Ão��ÏâÍXÌ®Ão�AÏâÍXÌ®ÄÐËtÅ
Í+Å�ÅRÄÑÏ
ÇoÓÐ�âÍ+Å�ÇSÉ�ÅRÅRÄÐÎoÓÑ�
Õá��Í�ÅRÅR�oÏ
�¶ÌRÃWÍ1Ì�Ì®Ão� ~ ÉXÕ É+ØaÌRÃW�
éêÔ�ÄÐÏ
�A�WÅRÄÐÉ+�WÍ+Ó ~ �oÄÐÔåÄÆÅ�ÄÑÈ®ÈRÉ+Ì®Í1ÌRÄÐÉ+�WÍ+ÓM 
ÄÑ�SË-É+Ï
ÇoÈ®�tÅ®ÅRÄÑÎoÓÐ�
Í1�WÔ¶Ì®ÃWÍXÌ ~ �WÄÐÔ�Ï
É1Ì®ÄÑÉ���ÏâÍ+ÄÑ�oÓÐ×PÉ�ËtË-�oÈ<Å{ÍXÌ{Ì®Ão��Å¦�WÈ¦ØNÍ�Ë-�+Ý1Â�ÃW�
ÄÑ�WËAÄÐÔo�A��ÌaÃWÍ+ÈRÏ
É+�WÄÐË
ÕáÍ8Ú��
Õ
ÄÑÓÐÓáÅ®ËAÍ1Ì¦Ì®�AÈºÉ��åÌ®Ão�vËA×hÓÑÄÐ�WÔ��tÈPÍ1�WÔ�ÇWÈRÉ�Ô��WËA��ÅRÉ+Ï
�âÈR�?Å¦�WÓÖÌ<Í1��Ì�ÞW�AÓÆÔl _ÌRÃo��ÇoÈR�?Ë-ÄÆÅ¦�
ØÙÉ�ÈRÏ É1Ø
Õ
ÃoÄÆË<ÃvÕá�ºÅ¦ÃSÍ1ÓÐÓ]Ô��AÈ®ÄÑÚ���ÄÐ�GÌRÃo��ØÙÉ�ÓÑÓÐÉXÕ
ÄÐ�oÒWÝ¬á×�ÄÑ��ÌR�tÒ+È<ÍXÌ®ÄÑ�oÒ�ÌRÃo� ~ �oÄÆÔåÏ�É+ÌRÄÐÉ+�åÉXÚ+�AÈ�ÌRÃW�
Ôo�AÇ�Ì®Ã

h
 lÍ1�WÔåË<ÃWÍ1�oÒ�ÄÑ�WÒÀØÙÈ®É+ÏßÈ®�tËLÌ<Í1�oÒ��oÓÆÍ1È�ÌRÉ

Ë-×hÓÐÄÑ�WÔoÈRÄÆËAÍ+Ó]Ë-ÉhÉ+È<Ô�ÄÐ�WÍXÌ®�tÅáÕI��ËtÍ1�GÏ
Í�L+��ÌRÃW��ØÙÉ+ÓÐÓÑÉXÕ
ÄÐ�oÒ¶ÌRÈ<Í1�WÅRÄÖÌ®ÄÑÉ��vÄÐ��ÌRÉ
Ç/É+ÓÆÍ1È�Ë-ÉhÉ�È®Ô�ÄÐ�WÍ1ÌR�tÅ
(x, y, z) 7→ (x, y) 7→ r(cos θ, sin θ). � �oÝ � Ý ���	�
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Â�Ão�ÀÕ�Í8Ú+�
�tÜ��WÍ1ÌRÄÐÉ+�jØÙÉ+È�ÍGÌ°ÕIÉ�ÔoÄÑÏ
�A�SÅ¦ÄÐÉ+�WÍ+Ó ~ �WÄÐÔ�ÄÆÅºÄÐ��ÌR�tÈRÏâÅ�É+ØáÌ®Ão�ÀÚ��AÈRÌRÄÆËAÍ1ÓIÔ�ÄÐÅRÇoÓÆÍ+ËA�AÏ
�A��Ì
ψ(x, y, t)

ÄÐ� WáÍ1ÈRÌR�?Å¦ÄÆÍ1�GË-ÉhÉ+È<Ô�ÄÐ�WÍXÌ®�tÅáÒ+ÄÐÚ+�t�GÍ�Å
�2ψ ≡

(
∇2 − 1

c2
∂2

∂t2

)
ψ = 0, � �oÝ � Ý � �

Õ
Ão�AÈ®� ∇2 ÄÆÅPÌRÃo�$#�Í1ÇWÓÐÍ�Ë-ÄÆÍ1�]Ý_ë Ì¶ÄÆÅº�tÍ�Å¦×åÌRÉjÅ¦�tÇWÍ1È<ÍXÌ®�
ÌRÃoÄÆÅ¶ÇWÍ1ÈRÌRÄÆÍ1ÓáÔ�ÄÖÛ��AÈ®�A��Ì®ÄÐÍ+Óa�tÜ��WÍ1ÌRÄÐÉ+�ãÄÐ��ÌRÉ
ÍãÌ®ÄÑÏ
�-ñ±Ô��tÇS�t�WÔ��A��ÌêÇWÍ1ÈRÌvÕ
ÃWÄÐË<Ã�Í+ÓÑÓÐÉXÕ�ÅâÌ®Ão��ËAÍ1�WÉ+�oÄÆËAÍ+Ó�ÅRÉ+ÓÐ��ÌRÄÐÉ+��Í+ÓÑÈ®�tÍ�Ô�×xÄÑ��ÌRÈ®É�Ô��WËA�tÔ�Í+ÎSÉXÚ��+ 
τ(t) = exp(−iωt) � Õ
ÃW�AÈ®�
ÌRÃo��Å¦ÄÐÒ+�ÀËAÉ+�hÚ+�t��ÌRÄÐÉ+�
�A��ØÙÉ�È®ËA�tÅ�ÌRÃWÍ1ÌaÌRÃW�%Õ�Í8Ú+�
Õ
ÄÐÓÑÓ/ÇoÈ®É+ÇWÍ+Ò�ÍXÌ®��ÄÑ�âÌ®Ão�ÇSÉ�Å¦ÄÑÌRÄÐÚ+�

x
Ô�ÄÐÈR�?ËLÌ®ÄÑÉ�� �  ]Í+�WÔåÍêÅRÇWÍXÌ®ÄÐÍ+ÓÑÓÐ×�Ô��tÇS�t�WÔ��A��ÌºÇWÍ+È¦Ì

η(x, y)
Ò+ÉXÚ��AÈ®�o�tÔ�Îh×�Ì®Ão�"% ;A@ ®m�o>X@ÖK�&

;<U-VW71KMCN>19
(
∇2 + k2

)
η = 0, � �oÝ � Ý é �

Å¦�SË<Ã
ÌRÃWÍ1ÌIÍºË-É�Ï
ÇoÓÑ�AÌR��ÕáÍ8Ú���ÅRÉ+ÓÐ��Ì®ÄÑÉ��âÄÐÅ
ψ = ητ

Ý�ë Ø]Õá�
ØÙÉ�Ë-�SÅ�É+�WÓÑ×�É+�
Ì®Ão��ÅRÇWÍXÌ®ÄÐÍ+ÓÑÓÐ×¶Ôo�AÇ/�A�WÔ��t��Ì
Ï
É1ÌRÄÐÉ+�GÉ1Ø_ÌRÃo� ~ �WÄÐÔl �Õá��É+�oÓÐ×âÃWÍ8Ú��%Ì®É
ÅRÉ+ÓÐÚ+��ÿ��tÓÑÏ
ÃoÉ�ÓÖÌ�'��tÜ��WÍXÌ®ÄÑÉ��]Ý�Â�Ão��ÌRÄÐÏ
�ºÔ��AÇ/�A�WÔo�A�WËA��ËtÍ1�
ÍXÌ�Í1�h×ÀÇ/É+ÄÐ��Ì�ÎS��È®�AÄÐ�WÅ¦Ì®Í1ÌR�tÔvÎh×ÀÏP�WÓÖÌ®ÄÑÇoÓÐ×hÄÑ�WÒâÎ�×

τ = exp(−iωt) Ý

³­l�³ ( µ8p"µjqÊþ�xyoSxMo*)+�¥smuwoStwö q/ø v8smoStwx�p"xMsmoSú
úå�G�oÉXÕ È®�-Ì®�oÈR�íÌRÉ�Ì®Ão�êËAÍ+ÅR��Õ
ÃW�AÈ®�ÀÕI�GÃWÍ8Ú���Í!ËA×�ÓÐÄÐ�WÔ��AÈ�É1Ø�È<Í+ÔoÄÑ�WÅ

a
ÇoÓÐÍ�Ë-�?Ô(ÍXÌ¶ÌRÃo�GÉ+È®ÄÐÒ+ÄÐ�]Ý

Â�Ão��ÄÐ�WË-ÄÆÔ��A��Ì%Õ�Í8Ú+�� 
ηi
 /ËAÍ+�o�oÉ1Ì
Ç/�A�o�AÌRÈ<ÍXÌ®��ÌRÃo�PÅR�oÈRØNÍ+ËA��É+Ø_Ì®Ão�PËA×�ÓÐÄÐ�WÔ��AÈ�Í1�WÔGÕ
ÄÐÓÑÓlÌ®Ão�AÈ®�-ØÙÉ�ÈR��Î/�

ÌRÉ+Ì®Í1ÓÐÓÐ×�ÈR� ~ �tË-ÌR�?Ôl ]Ë-È®�tÍ1ÌRÄÐ�oÒGÍêÅ®ËAÍ1Ì¦ÌR�tÈR�?Ô�Õ�Í8Ú+�AÞW�AÓÆÔl 
ηs
Ý�ÿ%�A�WËA��Õá�
ÈR�tÒ�Í+È®ÔêÌ®Ão�âÈ®�tÅR�oÓÖÌ®ÄÑ�WÒvÕ�Í8Ú+�

ÞW�AÓÆÔl 
η
 WÍ�ÅáÌRÃo�ºÅR�oÏ É+Ø_Ì®Ão��ÄÐ�WË-ÄÆÔ��A��Ì�Õ�Í8Ú+��ÞW�AÓÆÔ

ηi
Í1�SÔÀÌ®Ão�ºÅRËtÍXÌRÌR�AÈ®�tÔvÕ�Í8Ú+��ÞW�AÓÆÔ

ηs
 �É+È

η(x, y) = ηi(x, y) + ηs(x, y), � �oÝ �oÝ ���
ηi(x, y) = α exp(ikx). � ��Ý³��Ý³� �

ë Ø
ÕI�VLh�oÉXÕàÌRÃo��ÄÑ�WËAÄÐÔo�A��Ì¶Í1�SÔjÌRÃo��Å®ËAÍ1Ì¦Ì®�AÈ®�tÔjÕáÍ8Ú���ÞW�AÓÆÔ�ÕI�ÀËtÍ1�jÌRÃW�AÈ®�AÎh×�ÞW�SÔjÌRÃo�ÀÈ®�tÅR�oÓÑÌRÄÐ�oÒ
ÕáÍ8Ú��%ÞS�AÓÆÔv�SÅ¦ÄÐ�oÒ
ïaÜ��WÍXÌ®ÄÑÉ�� � ��Ý³��Ý �,� Ý�©���ØÙÉ�È¦Ì®�o�WÍXÌ®�AÓÐ×+ oÄÑÌ�ÄÆÅ��oÉ1Ì�Ç/É�Å®Å¦ÄÐÎoÓÐ��ÌRÉ�ØÙÉ+È®ÏP�oÓÆÍXÌ®��ÇoÈ®Í�ËLÌ®ÄÐËtÍ1ÓÎSÉ��o�WÔoÍ+ÈR×åË-É+�SÔ�ÄÖÌ®ÄÑÉ��WÅ�ØÙÉ�È�ÌRÃo�âÈ®�tÅR�oÓÑÌRÄÐ�oÒ�ÕáÍ8Ú��PÞS�AÓÆÔ

η
ÍXÌºÄÐ��ÞW�oÄÑÌ°×+Ý_úå�
Ì®Ão�AÈ®�-ØÙÉ�ÈR�
È®�-ØÙÉ�ÈRÏ¶�oÓÐÍ1ÌR�

ïaÜ��WÍXÌ®ÄÑÉ�� � ��Ý³��Ý �,� Í+Å
ηs(x, y) = η(x, y) − ηi(x, y) � �oÝ �oÝ é �

Õ
ÄÖÌ®Ã�ÌRÃo�aÄÑ��ÌR�t��ÌRÄÐÉ+��É1ØoÅRÉ+ÓÐÚ�ÄÐ�oÒáØÙÉ+È
ηs
Õ
ÃoÄÆË<Ã�Õ
ÄÐÓÐÓ+ÓÆÍXÌR�tÈ]ÇoÈ®ÉXÚ+�uÌRÉ
ÃSÍ8Ú+��Ï
É+È®��ØNÍ8Ú+É+�WÈ®Í+ÎoÓÑ��Î/É+�o�SÔoÍ1È®×

Ë-É��WÔ�ÄÑÌRÄÐÉ+�WÅtÝ
Â�Ão��ÿ%�AÓÐÏ
ÃoÉ+ÓÑÌ-'��tÜ��WÍ1ÌRÄÐÉ+�âØÙÉ�ÈaÌ®Ão��ÄÐ�WËAÄÐÔ��t��ÌáÕ�Í8Ú+�
ÞS�AÓÆÔ � ïIÜ��SÍXÌRÄÐÉ+� � �oÝ � Ý é ��� ÄÆÅ�Í1ÓÆÅ¦É¶ÚXÍ1ÓÐÄÐÔ
ØÙÉ�ÈÌRÃo�PÈR�?Å¦�oÓÑÌRÄÐ�oÒ
Õ�Í8Ú+��ÞW�AÓÆÔ

η
 WÄÑØuÕá�ºÍ+Å®Å¦�WÏ���Ì®ÃWÍXÌ
Ì®Ão�PÍ+Ï�ÇWÓÑÄÑÌR�WÔo��ÄÐÅ�ÅRÏâÍ1ÓÐÓMÝ�U�É1Ì®��ÌRÃWÍ1Ì

k = 2π
L

ÄÆÅ
ÄÑ�SÔ��A�?Ô�ÍÀË-É��WÅ¦Ì®Í1��Ì? WÅ¦ÄÐ�WËA�

L = cT
Õ
ÃW�AÈ®�ºÎSÉ+ÌRÃ

T
Í+�WÔ

c
Í1È®�ºË-É��WÅ°Ì<Í1��Ì®Å�.1Ý/ÿ%�A�WËA�ºÕI�¶Ë-É+�SË-ÓÐ�WÔ��

ÌRÃWÍ1Ì%Å¦ÄÐ�WËA�
η
Í1�SÔ

ηi
�tÍ�Ë<ÃêÅ®ÍXÌ®ÄÐÅ¦ØÙ×âÌ®Ão�Pÿ��tÓÑÏ
ÃoÉ�ÓÖÌ�'��tÜ��WÍ1ÌRÄÐÉ+�] oÅRÉÀÔ�Éh�tÅáÌ®Ão�PÅ®ËAÍXÌRÌR�tÈR�?Ô�Õ�Í8Ú+��ÞW�AÓÆÔ
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u2χ′′n + uχ′n + (u2 − n2)χn = 0, � �oÝ éWÝ � è �
Õ
ÃoÄÆË<ÃvÃWÍ�Å�ÌRÃW��Ò��A�o�tÈ®Í+Ó]Å¦É�ÓÑ�oÌRÄÐÉ+�¥� �  WÇ]ÝS�Xèh���

χn(u) = PnJn(u) +QnYn(u), � �oÝ éWÝ � � �
Õ
Ão�AÈ®�

Jn
Í+�WÔ

Yn
Í+ÈR��Ì®Ão�H¬á�?ÅRÅR�AÓ�ØÙ�o�WËLÌ®ÄÑÉ��WÅ�É+Ø�ÞWÈ®Å¦Ì�Í+�WÔ�Å¦�?Ë-É��WÔ�LhÄÑ�WÔ] WÈ®�tÅRÇS�?ËLÌRÄÐÚ+�tÓÑ×� WÉ+Ø�É�È®Ôo�AÈ

n
ÝoÂ�Ão��ÎSÉ��o�WÔoÍ+ÈR×ÀËAÉ+�WÔoÄÖÌ®ÄÑÉ��GÍ1Ì�ÄÐ��ÞW�WÄÖÌ°×GÅ°Ì<ÍXÌR�?ÅIÌRÃWÍ1Ì
ÌRÃo��Õ�Í8Ú+�tÅáÍ1È®��É+��Ì®Ò+É+ÄÐ�oÒ
ÍXÌ
ÄÐ��ÞW�oÄÑÌ°×+Ý�ë Ì�ÄÆÅ
ÌRÃo�tÈR�AØÙÉ+È®��Ë-É+�hÚ��A�oÄÐ�A��Ì-G�ÌRÉâ�SÅ¦��ÌRÃW�ºÅ¦É+ñ ËtÍ1ÓÐÓÑ�?Ô�ÿ%Í+��L+�tÓ�ØÙ�o��ÌRÄÐÉ+�WÅt WÔ��AÞW�o�?ÔGÍ�Å

H(1)
n (x) ≡ Jn(x) + iYn(x)

H(2)
n (x) ≡ Jn(x) − iYn(x), � �oÝ éWÝ � � �

Õ
Ão�AÈ®�
i
ÄÐÅºÌRÃo�ÀÄÐÏâÍ1Ò�ÄÑ�WÍ+ÈR×å�o�oÄÑÌtÝ/©%ÅRÄÑ�oÒ�ÌRÃo�?Å¦�âØÙ�W�WËLÌ®ÄÑÉ��WÅ�Ì®Ão�ÀÒ+�t�o�AÈ<Í1ÓIÅ¦É�ÓÑ��Ì®ÄÑÉ��jÌRÉ�Ì®Ão�S¬á�tÅ®ÅR�AÓ-�ç%ï�ËtÍ1�GÎS��È®�AÕ
È®ÄÖÌRÌR�t�GÍ�Å

Rn(r) = P ∗nH
(1)
n (kr) + F ∗nH

(2)
n (kr). � �oÝ éWÝ � � �

îoÉ�È
r → +∞ ÄÑÌ�ÄÐÅ)L��WÉXÕ
��� éo WÌ<Í1ÎoÓÐ� � �Xñ � �]Ì®ÃWÍXÌ

H
(2)
n (kr) exp(−iωt) Õ
ÄÐÓÑÓ{Ë-È®�tÍ1ÌR�ºÍÀÕ�Í8Ú+�AØÙÈRÉ���ÌÇoÈ®É+ÇWÍ+Ò�ÍXÌ®ÄÑ�WÒ�ÄÐ�hÕáÍ+È®Ô]ÝoÂ�Ão�ºÎ/É+�o�WÔWÍ1È®×vË-É��WÔ�ÄÑÌRÄÐÉ+� � �oÝ �oÝ � ¡ � Õ
ÄÐÓÑÓ�ÌRÃo�tÈR�AØÙÉ+È®���-øoË-ÓÐ�WÔ���Ì®ÃoÄÆÅ
ÌR�tÈRÏ É1Ø

ÌRÃo���?Ü��WÍXÌ®ÄÑÉ��v×hÄÐ�AÓÆÔ�ÄÑ�WÒ

Rn(r) = P ∗nH
(1)
n (kr). � �oÝ éWÝ � � �

Â�Ão�ºÅ®ËAÍXÌRÌR�tÈR�?ÔÀÕ�Í8Ú+�-ÞS�AÓÆÔ
ηs
ÄÆÅáÌRÃo�t�vØÙÉ��o�WÔvØÙÈ®É+Ï#ÍâÅR�oÇ/�AÈ®ÇSÉ�Å¦ÄÑÌRÄÐÉ+�GÉ1ØuÇoÈRÉ�Ô��SËLÌ%ÅRÉ+ÓÐ��ÌRÄÐÉ+�WÅ

ηs(r, θ) =

+∞∑

n=0

Rn(r)Θn(θ)

=
+∞∑

n=0

P ∗nH
(1)
n (kr)An cosnθ

=

+∞∑

n=0

DnH
(1)
n (kr) cosnθ

Õ
Ão�tÈR�
Dn = AnP

∗
n . � �oÝ éWÝ � � �

Â�Ão��ÄÐ�WË-ÄÆÔ��A��Ì
Õ�Í8Ú+��ÞW�AÓÆÔl oïaÜ��WÍ1ÌRÄÐÉ+� � �oÝ �oÝ � �  WËtÍ1�GÎS��Õ
È®ÄÖÌRÌR�t�êÍ�ÅP� èS o�A��ÌRÈ®×?�+èN�
ηi(x, y) = α exp(ikx) = α exp(ikr cos θ) = α

+∞∑

n=0

εni
nJn(kr) cos(nθ), � ��Ý éoÝ³�1¡ �

Õ
Ão�AÈ®�
εn
ÄÆÅ

εn =

{ �  
n = 0�o 
n = 1, 2 . . .

� �oÝ éWÝ � �,�
Â�Ão��ÌRÉ+Ì®Í+Ó]Å¦É�ÓÑ��Ì®ÄÑÉ��vÄÆÅ�Ò+ÄÐÚ+�t�vÎh×ÀïIÜ��SÍXÌRÄÐÉ+� � ��Ý³��Ý �,� ÄÑ�êÇ/É+ÓÆÍ1È
Ë-ÉhÉ�È®Ô�ÄÐ�WÍ1ÌR�tÅ�»

η(r, θ) =

+∞∑

n=0

[
αεni

nJn(kr) +DnH
(1)
n (kr)

]
cosnθ � ��Ý éoÝ³�+� �
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©%ÅRÄÑ�WÒ¶Ì®Ão��ÞWÈ<Å°Ì�Î/É+�W�WÔoÍ1È®×ÀË-É��WÔ�ÄÑÌRÄÐÉ+�GÌRÃW�A�ê×hÄÑ�tÓÐÔoÅ
∂η

∂r
=

+∞∑

n=0

[
αεni

nkJ ′n(ka) +DnkH
′(1)
n (ka)

]
cosnθ = 0⇔

+∞∑

n=0

DnkH
′(1)
n (ka) cosnθ = −

+∞∑

n=0

αεni
nkJ ′n(ka) cosnθ ⇒

Dn = −αεnin
J ′n(ka)

H
′(1)
n (ka)

, � �oÝ éWÝ �+é �
Õ
Ão�AÈ®�áÕI�áÃWÍ8Ú+�á�WÅR�tÔºÌRÃWÍ1ÌuÌ°ÕáÉ�îoÉ+�WÈRÄÐ�AÈ�Å¦�tÈRÄÐ�tÅ�Í+ÈR�I�tÜ��WÍ1Ó�ÄÑØ/Í+�WÔºÉ��oÓÐ×�ÄÖØSÌRÃo�t×PÍ1È®�áËAÉh�JIÀË-ÄÐ�A��Ì¦ñ Õ
ÄÆÅ¦�
�tÜ��WÍ+ÓMÝ�ë±�WÅR�AÈRÌRÄÐ�oÒ�ÌRÃWÄÐÅ
ÄÐ�êïaÜ��WÍXÌ®ÄÑÉ�� � ��Ý éoÝ³�+� � Õá��ÃWÍ8Ú+�

η(r, θ) =
+∞∑

n=0

[
αεni

nJn(kr) − αεnin
J ′n(ka)

H
′(1)
n (ka)

H(1)
n (kr)

]
cosnθ

η(r, θ)

α
=

+∞∑

n=0

εni
n

[
Jn(kr)− J ′n(ka)

H
′(1)
n (ka)

H(1)
n (kr)

]
cosnθ, � ��Ý éoÝ³�Xè �

Õ
Ão�AÈ®�GÌRÃo��ÞW�WÍ1Ó
�Aø�ÇoÈR�?ÅRÅRÄÐÉ+�(ÃSÍ+ÅâÎ/�A�t�x�WÉ+È®Ï
Í+ÓÑÄ2'A�?ÔlÝ�Â�ÃoÄÆÅâÄÆÅ�ÌRÃo�!Í+�WÍ1ÓÐ×�ÌRÄÆËAÍ+Ó�ÅRÉ+ÓÐ��Ì®ÄÑÉ��xÉ+Ø%Ì®Ão�
ÇoÈ®É+Ç/É�ÅR�tÔ�ÇoÈ®É+ÎoÓÐ�AÏêÝ?î_ÄÐ�WÍ+ÓÑÓÐ×�ÕI���WÉ1ÌR�aÌRÃWÍ1Ì�Ì®Ão�IÔ�ÄÑÛ��AÈ®�A��ÌRÄÆÍ1ÓhÜ��oÉ1Ì®ÄÑ�t��Ì<Å]É+Ø�ÌRÃo�8¬I�?ÅRÅR�AÓÑñ/Í+�WÔ�ÿ%Í+��L+�tÓ
ØÙ�o�WË-ÌRÄÐÉ+�WÅ�ËtÍ1�GÎS���tÚXÍ1ÓÐ�WÍXÌ®�tÔv�WÅ¦ÄÐ�oÒ�ÌRÃW��ØÙÉ+È®ÏP�oÓÆÍ1�

xJ ′n(x)− nJn(x) = −xJn+1(x)

xH(1)
n
′(x)− nH(1)

n (x) = −xH(1)
n+1(x), � �oÝ éWÝ �B� �

Õ
ÃoÄÆË<ÃvÏâÍNL���ØÙ�o�WËLÌ®ÄÑÉ��ê�AÚXÍ1ÓÐ�WÍXÌ®ÄÑÉ��WÅ�ÇoÈ<Í+Ë-ÌRÄÆËAÍ1ÓYÝ
³­l�K ( xyúrv8uwúrúrxMsmo s�übq*µ{úruw÷�p"ú
#]�AÌ��WÅ
ÞW�SÍ1ÓÐÓÑ×GË-É+�SÅ¦ÄÆÔ��AÈ�ÅRÉ+Ï
��É+Ø_Ì®Ão��ÇoÈ®ÄÑÏâÍ1È®×ÀÒ��AÉ+Ï
�AÌRÈ®ÄÐËtÍ1Ó�ØÙ�tÍ1ÌR�oÈ®�tÅ�É1ØuÌRÃo�PÅRÉ+ÓÐ��Ì®ÄÑÉ���Ì®ÉâÚ+�AÈ®ÄÑØÙ×
ÄÖÌ<Å�Ë-È®�tÔoÄÑÎoÄÐÓÐÄÖÌ°×�Í+�WÔvÇoÃh×hÅRÄÆËAÍ1Ó]ÅRÄÐÒ+�oÄÑÞSËAÍ+�WË-��ÝoîuÄÑÒ��oÈR����Ý é
Å¦ÃWÉXÕ�Å�È®Í�Ô�ÄÐÍ+Ó�ÇoÓÑÉ+Ì®Å�É+Ø_Ì®Ão� 7¯®%ù/@DCBKYVW5+; É1Ø
η
ØÙÉ�È%Í1�WÒ+ÓÐ�tÅ

θ = π
Í1�WÔ

θ = 0
ÝWîWÉ+È
Ì®Ão�

θ = π
Ô�ÄÐÈR�?ËLÌRÄÐÉ+�êÕ
ÃoÄÆË<Ã�Ë-É�ÈRÈ®�tÅRÇ/É+�WÔoÅáÌ®É
ÌRÃo�P�o�AÒ�ÍXÌRÄÐÚ+�

x
ñ±ÍXø�ÄÆÅA 8ÄÑÌuÄÆÅuÉ+ÎWÅR�AÈ®Ú+�?Ô�ÌRÃWÍ1Ì�ÌRÃo��Å¦É�ÓÑ�oÌRÄÐÉ+�ºØÙÉ�È Z�®â7X@B@

r � îuÄÐÒ+�oÈ®�á�oÝ é�Í � ÈR�?Å¦�tÏPÎoÓÐ�tÅuÍ ZLK±7X9�5XCB9�E�¤a7X6X; ÝÂ�ÃoÄÆÅ_ÄÆÅuÎS�?ËAÍ+�WÅ¦�aØÙÉ+È
r � a

 ?Ì®Ão�áËA×hÓÑÄÐ�WÔ��tÈuÓÐÉ�ËAÍ+ÓÑÓÐ×�ÈR�?Å¦�tÏPÎoÓÐ�tÅuÍ ù�@Ñ7X9�; Õ
ÃoÄÆË<ÃPÕáÉ+�oÓÆÔºÄÐ�WÔ��t�tÔºÈ®�tÅR�oÓÑÌ
ÄÑ��ÍâÅ¦Ì®Í+�WÔ�ÄÐ�oÒâÕáÍ8Ú���Õ
ÄÑÌRÃ�Í+Ï�ÇWÓÑÄÑÌR�WÔo��Ì°Õ
ÄÐËA��ÌRÃWÍ1Ì�É1ØuÌRÃo�PÄÑ�WËAÄÐÔo�A��Ì�ÕáÍ8Ú��H� �o WÇ]Ý � ����� ÝoîoÉ�È�ÓÐÍ+ÈRÒ��AÈ
r
ÌRÃo�ÀÈ®� ~ �tËLÌ®�tÔjÕ�Í8Ú+�âÔ�ÄÆÅ¦Ç/�AÈ<Å¦�?ÅA _Í1�WÔjÌ®Ão�ÀÄÐ�WË-ÄÆÔ��A��ÌPÕ�Í8Ú+�
�AøhÇWÈR�?ÅRÅRÄÑÉ��] ]ïaÜ��WÍ1ÌRÄÐÉ+� � �oÝ �oÝ � �  _Õ
ÄÑÓÐÓÎS�ºÔoÉ+Ï
ÄÑ�SÍ1��Ì43�Ì®ÃoÄÆÅ
ÕáÍ8Ú���ÃSÍ+Å
Í1��Í+Ï�ÇWÓÑÄÑÌR�WÔo��É1Ø

1
 oÍ1�SÔvÄÐ�WÔ��t�tÔêîuÄÑÒ��oÈ®���oÝ é+Î�Å¦ÃoÉXÕ�ÅáÇWÍ+È¦Ì�É+Ø�Ì®Ão�

Ô��tËtÍ8×ÀÉ1Ø�Í1Ï
ÇoÓÐÄÖÌ®�WÔ���É�ÅRËAÄÑÓÐÓÐÍ1ÌRÄÐÉ+�WÅIÌ®ÉXÕáÍ+È®ÔoÅ
1
Ý-��ãÌRÃW�ÀØNÍ1È
ÅRÄÐÔ��GÉ1Ø
Ì®Ão�êË-×hÓÑÄÐ�WÔ��tÈt uÄYÝ ��Ý�ØÙÉ�È
θ = 0

 _ÌRÃo�tÈR�vÄÐÅ�Í ý ÚXÍ1ÓÐÓÑ�t×+þ�ÄÐ�(Í+Ï�ÇWÓÑÄÑÌR�WÔo�+ {Å¦�t�
îuÄÑÒ��oÈR���oÝ é�Ë1Ý]Â�ÃoÄÆÅ�ÇoÓÐÉ1ÌºÄÆÅ�ÏâÍ+Ôo�
ØÙÉ+È

k � a
 �Í1�WÔåÌ®Ão��Í1Ï
ÇoÓÐÄÑÌR�WÔ��ÀÍ1Ì�ÌRÃo�vË-×hÓÑÄÐ�WÔ��tÈPÅR�oÈ¦ØNÍ�Ë-�
ÄÆÅ

Ü��oÄÖÌ®�ÀÓÐÉXÕ � Í1È®É+�o�WÔ 0.15
� Ý]Â�Ão�vÍ1Ï
ÇoÓÐÄÖÌ®�WÔ��ÀÄÐ�WË-È®�tÍ�Å¦�?Å�Å°Ì®�tÍ�Ô�ÄÑÓÐ×�Ì®ÉXÕáÍ+È®ÔWÅ

1
ØÙÉ�ÈºÓÆÍ1È®Ò+�AÈ

r
ÝL#�Í+Å¦Ìt 

îuÄÑÒ��oÈR�
��Ý é+Ô�Õ
ÃW�AÈ®�
θ = 0

Í+�WÔ
k � a

ÃWÍ1È<Ô�ÓÐ×GÅRÃoÉXÕ�Å�Í1�h×êË<ÃWÍ1�oÒ��PÄÐ�åÍ+Ï�ÇWÓÑÄÑÌR�WÔo�¶ÍXÌ�Í1ÓÐÓYÝ/Â�Ãh�WÅ
ÄÖØ�Ì®Ão�âÕáÍ8Ú��AÓÐ�A�oÒ+ÌRÃjÄÐÅºÏP�WË<Ã�ÓÐÉ+�oÒ��AÈ�ÌRÃSÍ1�jÌRÃo�vË-×hÓÑÄÐ�WÔ��tÈ�ÌRÃW�A�jÌRÃo�vË-×hÓÑÄÐ�WÔ��tÈºÕ
ÄÐÓÑÓ��WÉ1ÌºÃWÍ8Ú��ÀÍ1�h×
Å¦ÄÐÒ+�WÄÖÞSËtÍ1��Ì�ÄÐ� ~ �o�t�WË-�¶É+�GÌRÃo�¶ÉXÚ+�tÈ®Í+ÓÑÓ ~ ÉXÕ�Ý1WIÉ+Ï
ÇWÍ1È®��ÌRÃWÄÐÅ�ÌRÉâÌ®Ão�PÕá�AÓÐÓÖñ�Lh�oÉXÕ
�GÈR�?Å¦�oÓÑÌ�Ì®ÃWÍXÌ�×+É+�
ËAÍ+�o�oÉ1Ì�Ï
�?Í+ÅR�oÈR��ÇWÍ+È¦Ì®ÄÐËAÓÑ�?Å�Îh×PÏ
�tÍ+�WÅ�É1Ø�ÕáÍ8Ú��tÅ�Õ
ÄÑÌRÃ
Õ�Í8Ú+�AÓÐ�A�WÒ1ÌRÃ�ÓÆÍ1È®Ò+�AÈuÌ®ÃWÍ1��ÌRÃW�
ÇWÍ1ÈRÌRÄÆË-ÓÐ��Å¦Ä2'A��Ý

îuÄÑÒ��oÈR�?Å���Ý èGÍ+�WÔj�oÝ �vÅRÃoÉXÕ Í�ÌRÃoÈ®�A�Añ Ô�ÄÐÏ
�A�WÅRÄÐÉ+�WÍ+ÓuÇWÓÑÉ+Ì�É+ØaÌ®Ão�ÀÍ1ÎWÅRÉ+ÓÐ��Ì®�¶ÚXÍ1ÓÐ�o�
É1ØIÌRÃo��Ì®É1Ì®Í+Ó
ÕáÍ8Ú���ÞW�tÓÐÔl �Í1�SÔ�Í(ËAÉ+��ÌRÉ��oÈ�ÇWÓÑÉ+ÌvÉ1Ø�Ì®Ão�åÌRÃo�jÈR�tÒ+ÄÐÉ+��Í+ÈRÉ��o�WÔxÌRÃW�jËA×�ÓÐÄÐ�WÔ��AÈ? áÈR�?Å¦Ç/�tË-ÌRÄÐÚ+�AÓÐ×+ÝIë Ì
Í1ÇoÇ/�tÍ+È®ÅIÌ®ÃWÍXÌ%ËA�oÈRÚ��tÅáÉ1Ø��oÉ�Ô��?Å
Í1�WÔêÍ1��Ì®ÄÖñ �oÉ�Ô��tÅ ý ÎS�t�WÔ�þºÍ1È®É+�o�SÔâÌRÃW�ºË-×hÓÑÄÐ�WÔ��tÈtÝ
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θ = π
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ka = 50
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Â�ÃoÄÆÅ�Ë<ÃSÍ1Ç�Ì®�AÈ
Ô��tÍ+ÓÐÅ�Õ
ÄÑÌRÃ	ÌRÃo�vÌRÈ<Í1�WÅ¦ØÙÉ+È®ÏâÍXÌ®ÄÑÉ��íÉ1Ø�Ì®Ão��Ô�ÄÑÛ/�tÈR�t��Ì®ÄÐÍ+ÓIÇWÈRÉ�ÎoÓÑ�tÏìÉ1Ø�Ì®Ão�êÇoÈ®�AÚhÄÑÉ��WÅ
Ë<ÃWÍ1ÇoÌR�AÈ�ÄÐ��ÌRÉêÉ+�o�
Õ
ÃoÄÆË<Ã�ËAÍ1�jÎ/�ÀÅ¦É�ÓÑÚ��tÔ��h�oÏ
�tÈRÄÆËAÍ+ÓÑÓÐ×+ lÅRÇS�?Ë-ÄÑÞSËAÍ+ÓÑÓÐ×��WÅRÄÑ�WÒvÌ®Ão��� CB9WCBK±;�Tá@Ð;y®â;-9SK
=!;-K,�o>?5 � î_ïIð � Ý
Â�ÃoÄÆÅÀÏ
�-Ì®ÃoÉ�Ô�Õ
ÄÐÓÑÓ�ÌRÃo�t��Î/�åÍ1ÇWÇoÓÑÄÐ�tÔ�Í1�WÔxÌ®Ão�åÅRÉ+ÓÐ��ÌRÄÐÉ+��ËAÉ+Ï
ÇWÍ+ÈR�?ÔxÌRÉãÌ®Ão�
Í1�WÍ+ÓÑ×�Ì®ÄÐËtÍ1Ó�É+�o��Ý

5ªlMk ��(�� p"s+����� p"q/ömowúrü¯smq*þ�ö�p/xysmo
úå��Õ
ÄÑÓÐÓaÄÐ�jÌRÃoÄÆÅPÅR�tË-ÌRÄÐÉ+�ãÅ¦ÃWÉXÕàÃoÉXÕ ÌRÉ�Ì®È®Í+�WÅ¦ØÙÉ+È®ÏäÍ $ ç�ï ÇoÈ®É+ÎoÓÐ�AÏê �Ô��AÞW�o�?Ô�ÄÑ�íÅRÉ+Ï
�âË-ÓÐÉ�ÅR�tÔ
ÈR�tÒ+ÄÐÉ+�

R
 {ÄÐ��ÌRÉãÍ�Å¦�AÌâÉ1Ø�ÓÐÄÐ�o�tÍ+È��?Ü��WÍXÌ®ÄÑÉ��WÅAÝ{ë±�	ÌRÃWÄÐÅâ�AøoÍ1Ï
ÇoÓÐ�GÕá�GÕ
ÄÑÓÐÓ%Ë-É��WÅRÄÐÔ��tÈ�ÌRÃo� H
>1CÆZ®ZA>19

;<U-VW71KMCN>19 ÄÑ�GÌ°ÕáÉâÔ�ÄÑÏ
�t�WÅ¦ÄÐÉ+�SÅA oÔ��AÞW�o�?ÔGÍ�Å

∇2u(x, y) ≡ ∂2u

∂x2
+
∂2u

∂y2
= f(x, y). � éWÝ � Ý ���

ë Ø�Õá�%Õ�Í1��Ì�ÌRÉ
ÅRÉ+ÓÐÚ+�
Ì®ÃoÄÐÅI�tÜ��WÍ1ÌRÄÐÉ+�À�SÅ¦ÄÐ�oÒºÌ®Ão��ÞW�oÄÑÌR�%�tÓÑ�tÏ
�A��ÌáÏ
�AÌRÃoÉ�Ôl hÕá�%Õ
ÄÐÓÑÓ/ÃWÍ8Ú+��ÌRÉPÈ®�tÅ¦ÌRÈ®ÄÆËLÌ
ÄÖÌ�Ì®É�ÍGËAÓÑÉ�Å¦�?ÔåÍ+�WÔjÎSÉ��o�WÔ��?Ô!È®�AÒ�ÄÑÉ��

R
Ý«��Í1ÌRÃo�tÈºÍ1È®ÎoÄÑÌRÈ<Í1È®ÄÑÓÐ×êÕI�âË<ÃoÉhÉ�ÅR��ÌRÃo�âÈ®�AÒ�ÄÑÉ��åÅRÃoÉXÕ
�!ÄÐ�

îuÄÑÒ��oÈR��éoÝ � ÝjÂ�ÉGÅ¦ÄÐÏ
ÇoÓÑÄÑØÙ×êÌRÃW�P�-øoÍ+Ï�ÇWÓÑ��Í+Å�ÏP�WË<Ã!Í�Å�Ç/É�Å®Å¦ÄÐÎoÓÐ�PÕá�¶Ô��tÏâÍ1�WÔêÌ®ÃWÍXÌ
u = 0

É���ÌRÃW�
ÎSÉ��o�WÔoÍ+ÈRÄÐ�tÅtÝ]Â�Ão�
Ì®È®Í+�WÅ°ØÙÉ�ÈRÏâÍ1ÌRÄÐÉ+�åËAÉ+�oÓÆÔjÎS�ÀÔoÉ+�o�âÕ
ÄÑÌRÃ��oÉ���ñ�'t�AÈ®ÉêÎSÉ��o�WÔoÍ+ÈR×!ËAÉ+�WÔoÄÖÌ®ÄÑÉ��WÅA lÎW��Ì
ÄÖÌ
ÕáÉ+�oÓÆÔãË-É�Ï�ÇWÓÑÄÆËAÍ1ÌR�ÀÌ®Ão�vÔo�AÈ®ÄÑÚXÍXÌ®ÄÑÉ��] �Í1�WÔ�Ì®Ão�AÈ®�AÎh×åÌRÃo�v�o�WÔ��tÈ®Å¦Ì®Í+�WÔ�ÄÐ�oÒ!É+Ø
ÌRÃo��ØÙ�o�WÔ��tÏ
�A��Ì®Í+Ó
ÌRÈ<Í1�WÅ¦ØÙÉ+È®ÏâÍXÌ®ÄÑÉ��âÇoÈRÉ�ËA�tÔ��oÈ®�+ �Ï
É+È®�
ÌRÃWÍ+���o�?Ë-�?ÅRÅ®Í1È®×+Ý+Â�ÃW�%ÇWÍ+È¦Ì®ÄÐÍ+Ó/Ô�ÄÑÛ��AÈ®�A��ÌRÄÆÍ1Ó/�tÜ��WÍ1ÌRÄÐÉ+�]  � éoÝ � Ý �,�  ÌRÉ�Ò+�-Ì®Ão�AÈIÕ
ÄÖÌ®ÃâÌRÃW��Î/É+�o�SÔoÍ1È®×�ËAÉ+�WÔoÄÖÌ®ÄÑÉ��WÅ�ÄÆÅIËtÍ1ÓÐÓÑ�?Ô
ÌRÃW� ZLKMJ®>X9�Ej�->1JÎ® É1ØlÌ®Ão� $ ç�ïxÇoÈRÉ�ÎoÓÐ�AÏêÝ+új�
Õ
ÄÑÓÐÓ�ÓÆÍXÌ®�AÈ%Ôo�AÈ®ÄÑÚ���Í+�oÉ1Ì®Ão�AÈ�ØÙÉ+È®ÏæËAÍ+ÓÑÓÐ�tÔvÌ®Ão� ¤a;<7����->XJÎ® Ý�Â�Ão���WÅR�WÍ1Ó�Í+ÇoÇoÈ®É�Í�Ë<Ã�Ì®É
ÌRÃoÄÆÅ�ÇoÈ®É+ÎWÓÑ�tÏ
ÕIÉ��oÓÆÔ¶Î/�
Ì®ÉºÍ1ÇoÇoÓÐ×ºÌ®Ão��Ï
�-Ì®ÃoÉ�Ô
É1Ø]ÅR�AÇWÍ+È®Í1ÌRÄÐÉ+��É1Ø�Ú8Í+ÈRÄÆÍ1ÎWÓÑ�?ÅA X×��-Ì�Ì®ÃoÄÐÅ�ÄÐÅaÉ+�oÓÐ×PÇ/É�Å®Å¦ÄÐÎoÓÐ�
ÄÖØ]Í+ÓÑÓoÎW��Ì
É+�o�âÉ+Ø�ÌRÃo�ÀÇSÍ1È<Í1Ï
�-Ì®�AÈ<Å�Í1È®�
ËAÉ+�WÅ¦Ì®Í+��ÌPÍ1ÓÐÉ+�oÒê�AÚ��AÈ®×!Î/É+�o�SÔoÍ1È®×!ÅR�AÒ+Ï
�t��ÌºÕ
ÃWÄÐË<ÃãÄÆÅºË-ÓÐ�tÍ+ÈRÓÐ×!�WÉ1Ì
ÌRÃo��ËAÍ+ÅR�
É+��Ì®Ão�%Ô�ÄÆÍ1Ò�É+�WÍ+ÓÐÅ�ÄÐ�ÀîuÄÑÒ��oÈR�
éWÝ � Ý1ë±�WÅ¦ÌR�tÍ�Ô
ÕI�
Õ
ÄÐÓÐÓSÔ�ÄÐÚhÄÐÔ��

R
ÄÐ��Ì®ÉºÅ¦ÏâÍ+ÓÑÓÐ�AÈ? XÌRÈ®ÄÆÍ1�oÒ��oÓÐÍ+ÈRÓÐ×

Å¦ÃSÍ1Ç/�tÔGÅ¦�oÎ�Ô�É�Ï
Í+ÄÑ�SÅAÝhúj��ÔoÉPÌ®ÃoÄÐÅ�Îh×�ÅR�AÓÐ�tË-ÌRÄÐ�oÒ
n
ÄÑ��Ì®�AÈ®ÄÑÉ�ÈáÇ/É+ÄÐ��Ì®Å

pj
Í+�WÔGË-É+�W�o�tË-ÌRÄÐ�oÒPÌ®Ão�AÏ ÌRÉ

ÌRÃo�tÄÑÈa�o�tÍ+ÈR�?Å°Ì{�o�tÄÑÒ�Ã�Î/É+È{Ç/É+ÄÐ��Ì®Å�Í+�WÔ¶ÌRÃo�tÄÑÈI�o�tÍ+ÈR�?Å°Ì{Î/É+�o�SÔoÍ1È®×PË-É�ÈR�W�AÈ{Ç/É+ÄÐ��Ì<ÅAÝ�Â�ÃoÄÐÅ�ÄÐÅ{ÄÐÓÐÓÑ�WÅ¦ÌRÈ<ÍXÌ®�tÔ
É+��îuÄÑÒ��oÈ®�êéWÝ �åÕ
Ão�tÈR�

n = 4
Ý{ë Ì�ËtÍ1�ûÎ/��Å¦ÃoÉXÕ
�	ÌRÃSÍXÌÀÕ
Ão�t�x�SÅ¦ÄÐ�oÒjÌRÃoÄÆÅâÏ
�-Ì®ÃoÉ�Ôl �Ì®Ão�êÌRÉ+Ì®Í+Ó

�h�oÏPÎ/�AÈ
É+Ø_Ì®ÈRÄÆÍ1�oÒ�ÓÑ�?ÅA  4Total
 WÄÐÅ�Ò�ÄÑÚ��A�GÎ�×

4Total = 4Boundary − 2 + 2n, � éWÝ � Ý � �
Õ
Ão�AÈ®� 4Boundary

ÄÆÅIÌRÃo���h�oÏPÎ/�AÈ�É1Ø_ÎSÉ��o�WÔoÍ+ÈR×�ÌRÈ®ÄÆÍ1�oÒ�ÓÑ�?ÅAÝhÿ��t�WË-��É+�Gî_ÄÐÒ+�WÈR��éoÝ³�� �Õ
Ão�AÈ®�
n = 4

 
ÕI��ÃWÍ8Ú�� � �PÌRÈ®ÄÐÍ+�oÒ+ÓÐ�tÅtÝ
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úå���oÉXÕ�ÄÐ��ÌRÈ®É�Ô��WË-��Í¶ÅR�-Ì�É1Ø�ØÙ�o�WËLÌ®ÄÑÉ��WÅ
ËAÍ+ÓÑÓÐ�tÔÀÌRÃo� KYJLCN7X@ ØÙ�W�WËLÌ®ÄÑÉ��WÅ
Tj : R 7→ R

 
j = 1 . . . n

 
Ë-É�ÈRÈ®�tÅRÇSÉ��WÔ�ÄÐ�oÒ
Ì®É%�tÍ�Ë<ÃºÉ1Ø�Ì®Ão�

n
Ë<ÃoÉ�ÅR�A�PÄÑ��ÌR�tÈRÄÐÉ+È_ÇSÉ�ÄÑ��Ì<ÅAÝ8îo�oÈRÌRÃW�AÈ�ÕI�IÈR�?Ü��oÄÑÈ®�{Ì®ÃWÍXÌ��tÍ�Ë<ÃºÉ1ØoÌ®Ão�tÅR�

ØÙ�o�WË-ÌRÄÐÉ+�WÅ_ÎS�á�oÉ���ñ�'t�AÈ®É >X9S@D� ÄÐ��Ì®Ão�áÅR�oÎ�Ô�É+ÏâÍ+ÄÑ�WÅ_Í+Ô8Ê¦Í�Ë-�t��Ì_ÌRÉ
Ì®Ão��Ë-É+È®È®�tÅRÇSÉ��WÔ�ÄÐ�oÒ
ÄÑ��Ì®�AÈ®ÄÑÉ�È]ÇSÉ�ÄÑ��Ì? 
Ò+È®�A�t�vÍ1È®�tÍPÄÑ�êîuÄÑÒ��oÈ®��éWÝ éW �Í1�WÔÀÌRÃWÍ1Ì
ØÙÉ+È��tÍ�Ë<Ã�ÄÐ��Ì®�AÈ®ÄÑÉ�È�ÇSÉ�ÄÑ��Ì

pj
 
Tj(pj) = 1 � Õá��ÅRÍ8×
Ì®ÃWÍXÌ�ÌRÃW�ÌRÈ®ÄÐÍ+Ó�ØÙ�o�SËLÌRÄÐÉ+�SÅÀÃWÍ8Ú�� @Ñ>t:<71@%ZLV?ù+ùW>XJLK�� ÝIîWÉ+È�ÌRÃo�!Å®ÍNL���É1ØºÅRÄÑÏ
ÇoÓÐÄÐËAÄÖÌ°×ûÉ��o��ËAÍ+���WÅ¦� 7��	9/; ÌRÈ®ÄÐÍ+Ó

ØÙ�o�WË-ÌRÄÐÉ+�WÅt �ÌRÃoÉ��oÒ+ÃÀÄÐ��ÇWÈ®Í�ËLÌRÄÆË-�%ÌRÃo�t×ÀË-É��oÓÐÔÀÎS��Í1�h×âË-É���Ì®ÄÑ�h�oÉ��WÅRÓÑ×
Ô��tËtÍ8×hÄÑ�oÒºØÙ�o�WËLÌ®ÄÑÉ��WÅáÕ
ÄÖÌ®ÃÀÌ®Ão�
Í1Î/ÉXÚ+��Ë-É��WÅ°Ì®È®Í+ÄÑ��Ì<ÅAÝ U�É+ÌR��Ì®ÃWÍXÌ�ò�ó_ô�õ?ó�öX÷x�SÅ¦�?Å
Ü��SÍ+Ô�È<ÍXÌ®ÄÐË�ÌRÈ®ÄÆÍ1Ó�ØÙ�o�WË-ÌRÄÐÉ+�WÅtÝ

îo�oÈRÌRÃW�AÈ®Ï�É�ÈR��Ô��-ÞS�o��ÌRÃo� K±;LZLK ØÙ�o�SËLÌRÄÐÉ+�SÅ
Ei : R 7→ R

ØÙÉ�È
i = 1 . . . n

Ýlë±�!È®�tÍ+ÓÑÄÑÌ°×�Õá�¶ÃWÍ8Ú��
Å¦É�Ï
�vØÙÈ®�A�?Ô�É+Ï ÄÑ�ûË<ÃoÉhÉ�ÅRÄÑ�WÒ!Ì®Ão�tÅR�êØÙ�o�WË-ÌRÄÐÉ+�WÅt �Îo��ÌÀÄÑÌâÒ+È®�tÍ1ÌRÓÐ×íÅ¦ÄÐÏ
ÇoÓÑÄÑÞW�?ÅâÏâÍXÌ¦Ì®�AÈ<Å
ÄÖØ�ÌRÃW�vÌ®�tÅ¦Ì
ØÙ�o�WË-ÌRÄÐÉ+�WÅ�Í1È®�ºÅ¦ÄÐÏ
ÇoÓÐ×v�?Ü��SÍ1Ó]Ì®ÉâÌRÃW�ºÌRÈ®ÄÆÍ1ÓlØÙ�o�SËLÌRÄÐÉ+�SÅAÝ�Â�Ãh�WÅ�Õá�PÅR�-Ì

Ej = Tj
Ý1U�É+ÌR��Ì®ÃWÍXÌ C � Ì®Ão�

ÌR�?Å°ÌIØÙ�o�WËLÌ®ÄÑÉ��WÅáÍ1È®�
ÄÑ�WÔo�A�tÔªL+�AÇoÌáÔ�ÄÑÛ/�tÈR�t��Ì�ØÙÈRÉ�Ï ÌRÃo�
Ì®ÈRÄÆÍ1ÓSØÙ�o�WË-ÌRÄÐÉ+�WÅt 1Ì®ÃoÄÆÅaÕ
ÄÐÓÑÓ�ËAÍ+ÈRÈ®×ºÌ®ÃoÈ®É+�oÒ�Ã
ÌRÉ
ÌRÃo��È®�tÅR�oÓÑÌ®Å�É+Ø�ÌRÃWÄÐÅ�ÅR�tË-ÌRÄÐÉ+�êÍ1�WÔGÈ®�tÅR�oÓÑÌ�ÄÐ�GÌRÃo��ÓÐÉ�Å®Å�É1Ø�Ô��tÅRÄÐÈ®Í+ÎoÓÑ��ÅR×hÏ�Ï
�AÌRÈ®×+Ý

úå���oÉXÕ ÏP�oÓÑÌRÄÐÇoÓÐ×ÀÌ®Ão�ºÔ�ÄÑÛ/�tÈR�t��Ì®ÄÐÍ+Ó]�tÜ��WÍ1ÌRÄÐÉ+�GÎh×�Í¶ÌR�tÅ¦Ì
ØÙ�o�WË-ÌRÄÐÉ+�] WÄMÝ �+Ý

Tj∇2u = Tjf. � éoÝ � Ý é �
ë±��ÌR�AÒ�È®Í1ÌRÄÐ�oÒ¶ÌRÃoÄÆÅ
�-ø�ÇoÈ®�tÅ®ÅRÄÑÉ���ÉXÚ+�tÈáÌRÃo���t��Ì®ÄÑÈ®��Ô�É+ÏâÍ+ÄÑ�GÉ1Ø�Ô��-ÞW�WÄÖÌ®ÄÑÉ��

R
 o×hÄÐ�AÓÆÔoÅ

∫∫

R

Tj∇2udA =

∫∫

R

TjfdA. � éWÝ � Ý è �
úå�!Õ
ÄÐÅRÃûÌRÉí�tÓÑÄÐÏ
ÄÑ�SÍXÌR�êÌ®Ão��#_Í1ÇoÓÆÍ+ËAÄÐÍ+� ∇2 Í+�WÔ�Í+Ë<ÃWÄÑ�tÚ+��Í1���AøhÇWÈR�?ÅRÅRÄÑÉ��	ÄÐ��Õ
ÃoÄÆË<Ã�É+�oÓÐ×(É��o�Ô�ÄÑÛ/�tÈR�t��Ì®ÄÐÍ1ÌRÄÐÉ+�GÄÐÅ%ËAÍ1È®È®ÄÑ�?ÔÀÉ+�oÌtÝoÂ_ÉÀÔ�É�ÌRÃoÄÆÅ
Õá��ÅRÃWÍ+ÓÑÓ]Í+ÇoÇoÓÐ×âÌRÃo��Õá�AÓÐÓÑñ�Lh�oÉXÕ
��ØÙÉ+È®ÏP�oÓÆÍ

∇ · (f∇g) = f∇2g +∇f ·∇g, � éWÝ � Ý � �
Õ
ÃoÄÆË<Ã] o�WÅRÄÑ�WÒ

f = Tj
Í1�WÔ

g = u
È®�tÅR�oÓÑÌ®Å�ÄÐ�GÌRÃo���AøhÇWÈR�?ÅRÅRÄÑÉ��

∫∫

R

{∇ · (Tj∇u)−∇Tj ·∇u}dA =

∫∫

R

TjfdA. � éWÝ � Ý � �
Â�Ão�âÞWÈ<Å¦ÌPÌR�tÈRÏ ÄÐ�ãÌRÃo�vÓÑ�AØBÌ¶ÃWÍ+�WÔãÅRÄÐÔ���É1Ø
ÌRÃWÄÐÅP�tÜ��WÍXÌ®ÄÑÉ��íËAÍ+�] �Îh×��WÅRÄÑ�oÒ���Í1�WÅ®ÅM|]ÌRÃo�tÉ+È®�AÏê �Î/�
Õ
ÈRÄÑÌ¦Ì®�A��Í+Å

∫∫

R

∇ · (Tj∇u)dA =

∮
Tj∇u · nds, � éWÝ � Ý�� �

Õ
Ão�AÈ®��Ì®Ão�%Ú��tË-ÌRÉ+È
n
ÄÐÅáÍ1�ÀÉ���Ì°Õ�Í1È<Ô¶Ç/É+ÄÐ��ÌRÄÐ�oÒP�W�oÄÖÌ��oÉ�ÈRÏâÍ1ÓSÚ+�?ËLÌRÉ�ÈIÍ�ÅaÅR�A�A��É+��îuÄÐÒ+�oÈ®�%éoÝ èWÝhÂ�ÃoÄÆÅ

×hÄÑ�tÓÐÔoÅ
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∇Tj ·∇udA =
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fTjdA, � éoÝ � Ý � �
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∇Tj ·∇udA = −
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fTjdA, j = 1, 2 . . . n. � éWÝ � Ý � �
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ÅRÉ+ÓÐ��Ì®ÄÑÉ��
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U(x, y)︸ ︷︷ ︸
≈u

≡
n∑

i=1

BiTi(x, y), � éWÝ � Ý � ¡ �
� �
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Í1È®�¶ËAÉ+�WÅ¦Ì®Í+��Ì<ÅAÝ/ú�Ão�t�!Ì®ÃoÄÐÅ�Í+ÇoÇoÈ®É8øhÄÐÏâÍXÌ®ÄÑÉ���ÄÐÅ�ÄÐ�WÅ¦�tÈ¦Ì®�tÔ!ÄÑ��ÌRÉGïaÜ��WÍ1ÌRÄÐÉ+� � éoÝ � Ý � �  /Ì®Ão��tÜ��WÍ1ÌRÄÐÉ+�G×�ÄÐ�AÓÆÔoÅ

∫∫

R

∇Tj ·∇
(

n∑

i=1

BiTi

)
dA = −

∫∫

R

fTjdA, j = 1, 2 . . . n � éoÝ � Ý �����
n∑

i=1

Bi

∫∫

R

∇Ti ·∇TjdA = −
∫∫

R

fTjdA, j = 1, 2 . . . n. � éoÝ � Ý � � �
úå�á�oÉXÕãÃWÍ8Ú��

n
ÓÐÄÑ�W�tÍ1È_�tÜ��WÍ1ÌRÄÐÉ+�WÅ_Õ
ÄÖÌ®Ã

n
�o�RL��WÉXÕ
�WÅ

Bi
Ýtúj�I�WÉXÕíÔ��-ÞW�W�aÌ®Ão�

n×n ñ ÔoÄÑÏ
�A�SÅ¦ÄÐÉ+�WÍ+ÓÅ¦×hÏ
Ï
�-Ì®ÈRÄÆËAÍ+Ó Z<KYC Q
9�;LZ<Z�®
71KMJLC �
K = [Kij ]

Í+�WÔÀÌ®Ão�
n
ñ±Ô�ÄÑÏ
�t�WÅ¦ÄÐÉ+�SÍ1ÓlÓÐÉ�Í+Ô�Ú+�?ËLÌRÉ�È

F = [Fj ]
Îh×

Kij =

∫∫

R

∇Ti ·∇TjdA i, j = 1, 2 . . . n � éoÝ � Ý � é �
Fj =

∫∫

R

fTjdA j = 1, 2 . . . n. � éoÝ � Ý � è �
Â�Ão��ÇoÈ®É+ÎoÓÐ�AÏæËAÍ1�G�oÉXÕ ÎS��È®�AÕ
È®ÄÖÌRÌR�t�vÄÐ�êÏ
Í1ÌRÈ®ÄÖøv�oÉ1Ì<ÍXÌRÄÐÉ+�êÍ+Å

KB = F . � éWÝ � Ý � � �
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�tÔ
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u
É+Ø_Ì®Ão��É+È®ÄÑÒ�ÄÑ�SÍ1Ó�ÇoÈ®É+ÎoÓÐ�AÏêÝ
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ÃoÄÆË<ÃûÕáÍ�Å ;��Lù�@DCN:ACBK ;A@D�
5+;±ùo;A9/5�;-9SK É+�
Ì®Ão��ËAÉhÉ+È<Ô�ÄÑ�SÍXÌR�?Å

(x, y)
ÃWÍ�Å�Î/�A�t�âÌRÈ<Í1�WÅ¦ØÙÉ+È®Ï
�tÔ�ÄÐ��Ì®É¶Í ù�V�JR;A@D��71@ E�;}�AJR7XCN: ÇoÈ®É+ÎoÓÐ�AÏ

ÄÑ�âÕ
ÃWÄÐË<Ã 9/> Ô�ÄÖÛ��AÈ®�A��Ì®ÄÐÍ1ÌRÄÐÉ+��Ì®Í�L+�tÅ�ÇoÓÐÍ�Ë-��Ý+Â�Ão�
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∂r
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= 0. � éWÝ �oÝ ���
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É1ØIÍ+ÈRÎWÄÖÌ®È®Í+ÈR×GÈ®Í�Ô�ÄÐ�WÅ

b
 �ÅR�A��îuÄÑÒ��oÈR��éoÝ���ÝlÂ�Ão�
îuïað ÅRÉ+ÓÐ��ÌRÄÐÉ+�åÕ
ÄÑÓÐÓuÌRÃh�WÅ�É+�WÓÑ×�Î/��ËtÍ1ÓÆË-�oÓÆÍXÌ®�tÔêØÙÉ�È

a < r < b
Í1�SÔ −π < θ < π

Ý � Ì{ÌRÃo�
É���ÌR�tÈ{ÎSÉ��o�WÔoÍ+ÈR×� 
r = b
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Í1ÇoÇWÈRÉ8ø�ÄÐÏ
Í1ÌR�tÓÑ×
8
ÌR�tÈRÏâÅ�ÄÑ�jÉ+È<Ô��tÈ�ØÙÉ�È�ÌRÃo�âÈ®�AÓÆÍXÌ®ÄÑÚ��¶ÅRÄg't�tÅ�É1ØIÌRÃo�
È®�AÏâÍ1ÄÐ�oÄÐ�oÒvÌR�AÈ®ÏâÅ � ËAÉ+Ï
ÇWÍ1È®�tÔÌRÉ�ÌRÃW�ºÍ+ËAËA�oÏP�WÓÐÍ1ÌR�tÔGÅR�oÏ � �tÍ+Ë<ÃvÌRÉ
Î/�ºÅ¦ÏâÍ+ÓÑÓÐ�AÈ�Ì®ÃWÍ1�

10−4 Ý�h�-ÌRÌRÄÐ�oÒ
ka = 1

Í1�WÔ
b = 2a

ÌRÃo�!ËAÉh�JIÀË-ÄÐ�A��Ì®Å
Dn

ËtÍ1�ûÎS�jËAÍ+ÓÐËA�oÓÐÍ1ÌR�?Ô	�SÅ¦ÄÐ�oÒíïaÜ��WÍ1ÌRÄÐÉ+�
� �oÝ éWÝ �+é �  lÍ+Å®ÅR�oÏ
ÄÑ�oÒvÌRÃSÍXÌ�ÌRÃo�
ÚXÍ1ÓÐ�o�?Å�É+ØaÌ®Ão�
ÇoÈR�tÚhÄÑÉ��WÅ¦ÓÐ×�Ë-É��WÅ¦ÄÆÔ��tÈR�?Ô�ÇoÈ®É+ÎoÓÐ�AÏßÕ
ÄÐÓÐÓ{ÎS�âÍXÌ�ÓÐ�tÍ+Å¦Ì

�1é
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�
dMmS\_bX`!�_yÆ�]gm� �W;P9SV ®­�<;AJP>¡�PK ;AJÎ®PZ�²
n
²�78Z¶7��<V�9/:AKMCN>19�>§�

ka
�->XJ
5XC Q%;AJR;A9WK

K±>X@Ñ;AJR719/:<;LZM�
n <(Dn) =(Dn) |Dn|¡ −2.4087e− 01 −4.2761e− 01 4.9079e− 01� −6.5616e− 01 −2.4538e− 01 7.0054e− 01�

1.3823e− 02 −1.6570e− 01 1.6627e− 01é
7.1093e− 03 2.5271e− 05 7.1093e− 03è −1.1510e− 08 1.5173e− 04 1.5173e− 04� −1.9355e− 06 −1.8731e− 12 1.9355e− 06�
1.3401e− 16 −1.6371e− 08 1.6371e− 08�
9.8530e− 11 4.8540e− 21 9.8530e− 11� −9.8308e− 26 4.4360e− 13 4.4360e− 13� −1.5506e− 15 −1.1940e− 30 1.5506e− 15Á n�¿*�N`��_yN�/g

Dn
�->1J

ka = 1
� � 7X@ÖVW;LZº5+;<:<7Y�ÀJ®7®ù/CN5�@D�?¤{CBK,�

n
�

Å¦É�Ï
�AÕ
ÃWÍ1ÌaÅ¦ÄÐÏ
ÄÑÓÆÍ1È{ÄÐ�âÏâÍ1Ò+�WÄÖÌ®�WÔ���ÌRÉºÌRÃoÉ�Å¦�
É+ØSÌ®Ão���o�tÕxÇWÈRÉ�ÎoÓÑ�tÏêÝ+Â�Ão��ÞWÈ<Å°ÌáÅ¦ÄÑøPÌ®�AÈ®Ï
ÅaÍ1È®�áÓÐÄÆÅ°Ì®�tÔ
ÄÑ�	Â_Í+ÎoÓÑ��èWÝ � Ý_Â�ÃW�AÄÐÈP�h�oÏ
�AÈ®ÄÐËtÍ1ÓáÅ¦Ä2'A�?ÅPÔ��?Ë-È®�tÍ+ÅR�âÈ<Í1ÇoÄÆÔ�ÓÐ×åÕ
ÄÑÌRÃ

n
 �Í1�SÔãË-É+�WÇoÓÑ�?Ô�Õ
ÄÖÌ®ÃíÌ®Ão�ÀØNÍ�ËLÌ

ÌRÃWÍ1ÌPÌ®Ão�?¬á�tÅ®Å¦�tÓ�ØÙ�o�SËLÌRÄÐÉ+�SÅ
Jn(1)

Í+ÇoÇoÈ®É�Í+Ë<Ã�'A�tÈRÉêØÙÉ�ÈPÄÐ�WË-È®�tÍ�Å¦ÄÐ�oÒ
n
Í+ÅºÕI�tÓÑÓ � J7(1) ≈ 10−6 �  ÌRÃoÄÆÅ
ÅRÃoÉXÕ�Å�Ì®ÃWÍXÌ�Õá��Õ
ÄÐÓÑÓ�Ï
É�Å¦Ì�ÓÑÄQL+�tÓÑ×â�o�t�tÔ�É+�oÓÐ×ÀÍºØÙ�tÕ�Ì®�AÈ®Ï
ÅaÌRÉ
�tÚ8Í+ÓÑ�SÍXÌR�%ÌRÃo��ØÙ�o�SËLÌRÄÐÉ+�

η
Õ
ÄÑÌRÃ

ÈR�?Í+ÅRÉ+�WÍ+ÎoÓÐ�%ÇoÈ®�tËAÄÐÅRÄÑÉ��]Ý

K?l�³ �������?����� úrs�÷yuªp/xysmo ö�oSt ¸�öm÷yxMtSö�p/xysmo
ë±�PÉ�È®Ô��tÈ]Ì®É��tÚ8Í+ÓÑ�SÍXÌR�aÌRÃo��Ë-È®�tÔoÄÑÎoÄÐÓÐÄÖÌ°×�É+ØWÍºò�ó_ô�õ?ó�öX÷åÅRÉ+ÓÐ��ÌRÄÐÉ+�] ?Õá�áÅRÃWÍ1ÓÐÓ��oÉXÕíË-É�Ï�ÇSÍ1È®��ÚXÍ1ÓÐ�o�tÅuÉ1Ø
Dn

ØÙÉ+�W�WÔ�Îh×!ò�ó�ô�õtó_ö8÷xÕ
ÄÖÌ®ÃvÌ®ÃoÉ�ÅR��É1Ø�Ì®Ão��Í1�WÍ+ÓÑ×�Ì®ÄÐËtÍ1ÓlÅ¦É�ÓÑ�oÌRÄÐÉ+�vÍ+ÎSÉXÚ��+Ý�Â�Ão���A��Ì®ÄÑÈ®��Ò��AÉ�Ï��AÌRÈ®×
ØÙÈRÉ�ÏàÍ+ÎSÉXÚ��áÄÆÅ�Ì®Ão�AÈ®�-ØÙÉ�ÈR��ÄÐÏ�ÇWÓÑ�tÏ��t��ÌR�tÔ
ÄÐ�âÍ�ò�ó�ô�õtó_öX÷ãÅ®Ë-È®ÄÑÇoÌt +Í+�WÔ¶ÌRÃo��Ì®Ã��SÅaËAÍ+ÓÐËA�oÓÆÍXÌR�?ÔPÚXÍ+ÓÑ�o�?Å
É1Ø�Ì®Ão�vËAÉ+�WÅ¦Ì®Í+��Ì®Å

Dn
Í1È®�ÀÓÑÄÆÅ¦ÌR�tÔ(ÄÑ�xÂ_Í+ÎoÓÐ��èWÝ³��Ý�Â�Ão�GÓÐÍ�Å°Ì
Ë-É�ÓÑ�oÏ
�(ÅRÃoÉXÕ�ÅPÌRÃo�GÈ®�AÓÆÍXÌRÄÐÚ+���AÈ®ÈRÉ�È®Å

É1Ø
Ì®Ão�tÅR���h�oÏ
�AÈ®ÄÆËAÍ1ÓáÅ¦É�ÓÑ�oÌRÄÐÉ+�WÅ¶Ë-É+Ï
ÇWÍ+ÈR�?ÔjÌRÉ!ÌRÃo�vÚ8Í+ÓÑ�W�tÅºÉ+Ø%Â_Í+ÎoÓÐ��èWÝ � ÝuÂ�Ão��È®�AÓÆÍXÌ®ÄÑÚ��À�AÈ®È®É+ÈºÄÆÅ
Ë-É��WÅ¦ÄÆÅ¦ÌR�A��Ì®ÓÑ×�Å¦ÏâÍ1ÓÐÓÐ�AÈ{Ì®ÃWÍ1�

10−3 Í�Å�ÓÐÉ+�oÒºÍ�Å�ÌRÃW��Í1ÎSÅ¦É�ÓÑ��Ì®�
ÚXÍ1ÓÐ�o�tÅ{É+Ø Dn
Í+ÈR�
ÓÆÍ1È®Ò+�tÈ�ÌRÃWÍ+�

10−10  Õ
ÃoÄÆË<ÃjÏ
�?Í1�WÅ�Ì®ÃWÍXÌºÓÆÍ1È®Ò+��ÈR�tÓÐÍ1ÌRÄÐÚ+�
�AÈ®È®É+È<Å%É��oÓÑ×åÉ�ËAË-�WÈ�Õ
Ão�A�jÌRÃW�ÀË-Éh�JIÀË-ÄÐ�A��Ì<Å�Í1È®���h�oÏ
�tÈRÄÆËAÍ+ÓÑÓÐ×
ÄÑ�SÅ¦ÄÐÒ+�oÄÑÞSËtÍ1��Ì � ÍXÌ�Õ
ÃWÄÐË<ÃGÇSÉ�ÄÑ��Ì
Ì®ÃoÄÐÅ�ÎS�tÃWÍ8ÚhÄÑÉ��oÈ�ÄÐÅ��AøhÇ/�tË-ÌR�?Ô � Ý

�Xè



n <(Dn) =(Dn) |Dn| |Dn| ÂeÃ�Ä:ÅÇÆCÈ É�Ê�Ë
|Dn| Ê�Â6Ê�Ë ÌeÍgÈ É�Ê�Ë − 1

¡ −0.24087 −0.42761 0.49079 1.0080e− 05� −0.65616 −0.24538 0.70054 1.5792e− 06�
0.013823 −0.1657 0.16627 −1.3960e− 05é

0.0071093 2.5272e− 05 0.0071093 −5.2317e− 06è −1.1536e− 08 0.00015173 0.00015173 2.3064e− 05� −1.9355e− 06 −9.8576e− 12 1.9355e− 06 −1.3536e− 05�
6.0297e− 13 −1.6373e− 08 1.6373e− 08 1.1794e− 04�
9.8075e− 11 3.7601e− 14 9.8075e− 11 −4.6133e− 03� −1.8112e− 14 5.0556e− 13 5.0588e− 13 1.4039e− 01�
4.5787e− 15 −1.2067e− 14 1.2906e− 14 7.3232e+ 00Á n�¿*�N`º�_yÆ�]g*� �o;á9SV ®
;AJLCN:<7X@B@D��:<>¯®%ù/V�K±;®5�:<>?;O�û:-CN;A9WKMZ

Dn
�->1J

ka = 1
� � 7X@DVW;-Z

5�;®:<7Z�PJR7<ù/CN5h@D�H¤{CBKÚ�
n
� � �o;�JR;A@Ñ71KMCB6X;�;-JLJR>1J<Z�:<>¯®%ùo71JR;<5ºK±>�K,�o;%6871@DVW;-Z�>¡� � 7��A@Ñ;

,#�B*å71JR;
Z¨�o>N¤{9íCB9íK,�o;À@Ñ78ZLK�:®>1@DV ®�9�²%7X9�5êKÚ�W;J��71JR;ÀJ®;®7XZA>X9/7B�-@C��@Ñ>¯¤ 78Zâ@Ñ>19�E
7XZ |Dn|

CÆZP7<ù+ù/J®;®:ACN7��A@D�G@Ñ7XJYE�;}�

MONQP Æ�å}Ï¥ÌÎáNÌÎÐ âÎÒ]TgSTà ÑÎÐ \}Ò2TQÑÎá ÒÚÑ Ò å}Ïo`#Ì�a�Ï[ZR�Ñ _¡Ð Ï¨Í MObcP Æ�å}Ï áY\}ÍjÏ6ReT2S�ÌyÐ Ð âtS�Ñ�\�[NÐ Ï�ãªà�ÑyÐ \}Ò]T ÑÎáwÒÚÑÒ å}ÏL[ZR Ñ _§Ð Ï¨Í{ä

M�l P Æ�å}Ï)ÌÎáNÌyÐ âÎÒ]TgS)à ÑÎÐ \}Ò]T ÑÎáÎT á­Ì�Ð Ì�R2UMÏ-R�ãyÑ�XÍjÌ�T á MOscP Æ�å}Ï«áY\}Í8Ï-ReTgS�ÌÎÐ�à ÑÎÐ \�Ò]TQÑÎáBT á{Ì*Ð Ì�R2UMÏ6R«ãyÑJXÍ8ÌJT á
�
dMmS\_bX`j�_y  g­� �W;
9WV ®â;-JLCN:<71@B@D��:®>1V?ù/@Ñ;<5GZA>1@DV�KMCN>19ãCÆZ �W;-JR;v:<>¯®%ùo71JR;<5GK >GK,�o;
719/7X@C�XKMCN:<7X@�ZA>1@DV�KMCN>19åK±>vKÚ�W;H¤a7X6X;�ù/JR>B�-@Ð;y®V�"�-K�CÆZºZA;®;A9jKÚ�W7XK
CBK�JR;-Z-;M®V�-@Ñ;-ZPK,�o;
719/7X@C�XKMCN:PZA>X@DV�KYCN>X9å68;AJ��ª®�VW:��R�

���



ë±�vîuÄÐÒ+�oÈ®��èSÝ éºÌRÃo���h�oÏ
�AÈ®ÄÐËtÍ1ÓÐÓÑ×ÀËAÉ+�oÇWÓÑ�?Ô�ÅRÉ+ÓÐ��ÌRÄÐÉ+�ÀÄÆÅ�Ë-É�Ï�ÇSÍ1È®�tÔ
Ì®É¶Ì®Ão��Í1�WÍ+ÓÑ×�ÌRÄÆËAÍ+Ó/ÅRÉ+ÓÐ��Ì®ÄÑÉ��]Ý
Â�Ão�âÌ°ÕáÉ�ÇoÓÐÉ1Ì<ÅºÓÐÉ�ÉBL!Ú��AÈ®×!ÏP�SË<ÃíÍ1ÓÐÄ L��+Ý_Â�ÃW��Ë-É��WË-ÓÐ�WÅRÄÑÉ��jÄÆÅPÌRÃWÍ1ÌºÌRÃo�!ò�ó�ô�õtó_öX÷ �h�oÏ
�tÈRÄÆËAÍ+ÓÑÓÐ×
Ë-É��oÇoÓÐ�tÔ�ÅRÄÑÏ¶�oÓÆÍXÌRÄÐÉ+��ÇoÈRÉ�Ô��SË-�tÅvÈ®�tÍ1ÓÐÄÆÅ°Ì®ÄÐË!Ú8Í+ÓÑ�W�tÅGÍ1�WÔûÌ®Ão�AÈ®�-ØÙÉ�ÈR�jË-É�ÈRÈ®�tË-ÌRÓÐ×xÍ+ÇoÇoÈ®É8øhÄÐÏâÍXÌ®�tÅ
Ì®Ão�
Í1�WÍ+ÓÑ×�Ì®ÄÐËtÍ1ÓlÅ¦É�ÓÑ�oÌRÄÐÉ+�]Ý

K?l65 � ÷ys�p"ú s�ü ömq±��x�prq*ö q/øÏ)mµ{s�þ�µ8prq*xyµ{ú
úå�åÃWÍ8Ú+���WÉXÕ ÅRÃoÉXÕ
�ûÃoÉXÕ Õá�!ËAÍ+���WÅ¦��ÌRÃo�jË-É+�WÇoÓÑ�?Ô�Å¦É�ÓÑ�oÌRÄÐÉ+��Ï
�-Ì®ÃoÉ�ÔxÌRÉ	ÅRÉ+ÓÐÚ+�êÌ®Ão��Õ�Í8Ú+�
ÇoÈ®É+ÎoÓÐ�AÏ ØÙÉ+È�ÔoÄÖÛ��AÈ®�A��Ì�Ò��AÉ+Ï
�AÌRÈ®ÄÑ�?ÅÀÍ+ÅâÓÐÉ+�WÒíÍ+ÅâÌ®Ão�!ÅR�oÎ�Ô�É+ÏâÍ1ÄÐ�WÅvÅ¦Ç/�tËAÄÖÞSË�ÌRÉ(Í+�WÍ1ÓÐ×�ÌRÄÆËAÍ1Ó�Í1�WÔ
�h�oÏ
�AÈ®ÄÐËtÍ1Ó�Å¦É�ÓÑ��Ì®ÄÑÉ��íÏ
�-Ì®ÃoÉ�ÔoÅ
Ë-É+�WÓÐÔ(ÎS�¶Ê°É+ÄÐ�o�tÔ	Í1ÓÐÉ+�oÒjÍ!ËAÄÑÈ<Ë-ÓÐ�+Ý{ÿ%Í8ÚhÄÐ�oÒ�Ì®Ãh�WÅºØNÍ+ÈâË-É+�SÅ¦ÄÆÔ��AÈ®�tÔ
É+�oÓÐ×
Ë-×hÓÑÄÐ�WÔ�È®ÄÆËAÍ1ÓWÉ+ÎWÅ¦ÌRÈ®�WËLÌ®ÄÑÉ��WÅ{Õá�%ÅRÃWÍ1ÓÐÓoÏ
ÉXÚ+�
É��o�%Å¦ÌR�AÇ
ØÙ�WÈ¦Ì®Ão�AÈ? +�Aø�Ì®�A�WÔoÄÑ�oÒPÉ+�oÈ�Ç/�AÈ<ÅRÇS�?ËLÌRÄÐÚ+��ÌRÉ
;-@B@ÖC ù/KYCN: É�ÎWÅ°Ì®ÈR�SËLÌRÄÐÉ+�SÅAÝoë±�GÌ®ÃoÄÐÅ�Å¦�?ËLÌ®ÄÑÉ��GÕá�ºÅRÃWÍ1ÓÐÓ��WÅR�

a
Í+�WÔ

b
ÌRÉÀÔ��t�oÉ1Ì®��ÌRÃo�PÏ�ÄÐ�oÉ�È%Í1�WÔGÏâÍXÊ°É�È

ÍXø��tÅ�É+Ø_�tÓÑÓÐÄÑÇSÅ¦�?ÅA �È®�tÅRÇS�?ËLÌ®ÄÑÚ��AÓÐ×+Ý
ë±�åîuÄÐÒ+�oÈ®�PèSÝ è�Í�Í1�SÔ�Î] /Ì°ÕáÉ��AÓÐÓÐÄÑÇWÅR�tÅ�Í+ÈR��Ë-É+�SÅ¦ÄÆÔ��AÈ®�tÔ!Í+Å�É+ÎWÅ¦Ì®Í�Ë-ÓÐ�tÅ�Í1�WÔ�ÌRÃo�
Õ�Í8Ú+�ºÇoÈ®É+ÎWÓÑ�tÏ

ÄÐÅ¶Å¦É�ÓÑÚ��tÔåØÙÉ+È
k = 1

Ý � Å�ÅR�A�A��Ì®Ão�ÀÏâÍXø�ÄÐÏP�oÏ Í1Ï
ÇoÓÐÄÑÌR�WÔ��vÄÐÅPÄÑ�ãÎ/É1Ì®Ã(ËAÍ�Å¦�?Å�É+ÎSÅ¦�tÈRÚ��tÔåÉ+��ÌRÃW�
ÓÑ�AØBÌ�ÅRÄÐÔ���É+Ø_Ì®Ão���AÓÐÓÐÄÑÇWÅR��Õ
Ão�tÈR��Ì®Ão��ÄÑ�SË-É+Ï
ÄÐ�oÒâÕ�Í8Ú+��Å°Ì®ÈRÄQL+�?ÅIÞWÈ®Å¦ÌtÝWú�Ão�A�êÌ®Ão�º�AÓÐÓÐÄÑÇWÅR��ÄÆÅ
É+È®ÄÑ�t��ÌR�tÔ
Í1ÓÐÉ+�oÒ�ÌRÃo�

x
ñ Í1øhÄÆÅ�ÌRÃo�ÀÍ+Ï
ÇoÓÑÄÑÌR�SÔ��
É1Ø�Ì®Ão�
ÕáÍ8Ú��PÄÆÅ�Å¦ÓÐÄÑÒ�Ã�ÌRÓÐ×�Í1Î/ÉXÚ+� � Ý éW lÅ¦�t��îuÄÐÒ+�oÈ®�¶èSÝ è�Ë¶Í+�WÔ!Ô]Ý�h�oÈ®ÇoÈ®ÄÐÅRÄÑ�WÒ+ÓÐ×�Õ
Ão�A�¶ÌRÃo�
�tÓÑÓÐÄÐÇWÅ¦��ÄÆÅ�É+È®ÄÑ�t��ÌR�tÔ¶Í1ÓÐÉ+�oÒ�ÌRÃW�

y
ñ±ÍXø�ÄÆÅ]Ì®Ão�
ÏâÍXø�ÄÐÏP�oÏ Í+Ï
ÇoÓÑÄÑÌR�SÔ���ÄÐÅ 7B�®>168;

� � Í1Î/É+��Ìº��Ý �,�  SÕ
ÃWÄÐË<ÃåÏ��?Í1�WÅ�Ì®Ão��Å¦Ì®Í+�WÔ�ÄÐ�oÒGÕáÍ8Ú��PÍ1�WÍ+ÓÑÉ�Ò+×êÏ
�A��ÌRÄÐÉ+�W�tÔ�ÄÐ�¥���tËLÌ®ÄÑÉ��j�oÝ èvÎoÈR�?ÍNL�Å� Í1ÌÀÓÑ�?Í+Å¦Ì
ÇSÍ1ÈRÌRÄÆÍ1ÓÐÓÑ× � Ô�ÉXÕ
�]Ý�ú�ÃW�A�xÌRÃo��ÇWÈRÉ�ÎoÓÑ�tÏüÕ�Í+ÅâÅRÉ+ÓÐÚ+�tÔ(Õ
ÄÖÌ®ÃûÌRÃo��ËAÄÑÈ<Ë-ÓÐ�êÒ+�tÉ+Ï
�-Ì®ÈR×�Ì®Ão�
ÏâÍXø�ÄÑÏ¶�oÏ ÇSÉ�ÅRÅRÄÐÎoÓÑ��Í1Ï
ÇoÓÐÄÖÌ®�WÔ���ÕáÍ�ÅI��Ý � ÓÑÌRÃWÉ+�oÒ�ÃÀÕI��ËAÍ+�o�oÉ1ÌáÚXÍ1ÓÐÄÐÔoÍ1ÌR�
Ì®Ão��ÈR�?Å¦�oÓÑÌt �ÌRÃW��ÅRÉ+ÓÐ��ÌRÄÐÉ+�
ÓÑÉhÉBLhÅ%ØNÍ1ÄÐÈ®ÓÑ×êÈ®�tÍ+ÅRÉ+�SÍ1ÎoÓÐ��»SÕ
Ão�A�!ÌRÃo���AÓÐÓÑÄÐÇWÅR�¶ÄÆÅ�É+È®ÄÑ�t��ÌR�tÔ!Í1ÓÐÉ+�oÒâÌ®Ão�

x
ñ±ÍXø�ÄÆÅ�Ì®Ão�¶ÏâÍ1ø�Í+Ï
ÇoÓÑÄÑÌR�SÔ��

ÄÐÅ�ÅRÏâÍ1ÓÐÓÑ�tÈ�ÌRÃWÍ+�åÕ
Ão�t��ÄÖÌ�ÄÆÅ�Í1ÓÐÉ+�oÒvÌRÃo�
y
ñ±ÍXø�ÄÆÅAÝ�Â�ÃoÄÆÅºÅ¦�t�AÏâÅ�ÓÑÉ�Ò+ÄÆËAÍ+Ó�ÅRÄÐ�WË-��ÌRÃW��Õ�Í8Ú+�
ËAÍ+�åÏ
É�ÈR�

�tÍ�Å¦ÄÐÓÑ×�Ò+�-Ì�Í+ÈRÉ��o�WÔ�ÌRÃo��É�ÎWÅ°Ì®ÈR�SËLÌRÄÐÉ+�vÄÑ�GÌ®Ão��ÓÐÍ1Ì¦Ì®�AÈ�ËAÍ�Å¦��Ý
ë ÌvÅR�A�AÏâÅ
Ì®ÃWÍXÌ�ÌRÃo��ÏâÍ1øhÄÐÏP�WÏ Í1Ï
ÇoÓÐÄÑÌR�WÔ��!É1Ø�ÌRÃo�!ÃoÄÖÌRÌRÄÐ�oÒíÕ�Í8Ú+�êÄÆÅâÄÑ�SË-È®�tÍ+ÅRÄÐ�oÒãÕ
Ão�A�xÌ®Ão�

�AÓÐÓÑÄÐÇWÅR�
ÄÐÅ�É+È®ÄÑ�t��Ì®�tÔ�Í1ÓÐÉ+�oÒ�Ì®Ão�
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�AÌRÈ®×ÀÄÐÅ��oÉ1Ì�Ï
ÄÐÈRÈ®É+È�ÅR×hÏ�Ï
�AÌRÈ®ÄÐË�Í+ÎSÉ���Ì
ÌRÃo� x ñ Í1ø�ÄÐÅt ÕI�ºËtÍ1�o�WÉ1Ì%�o�tÒ+ÓÐ�tË-Ì
ÌRÃo�PÅRÄÐ�o��ÌR�tÈRÏ Í1�h×hÏ
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ÃoÉ�ÓÑ���AøhÇWÈR�?ÅRÅRÄÑÉ��]Ý
úå��Ì®Ão�AÈ®�-ØÙÉ�ÈR��Í�ÔoÔPÌRÃo�%ÅRÄÐ�o��ÌR�tÈRÏ ÌRÉ�ÌRÃW�
�tÜhÍXÌ®ÄÑÉ��¶ÄÐ�
ÌRÃo��ò�ó_ô�õ?ó_ö8÷íÅRËAÈRÄÐÇ�Ì�G+ +Í+�WÔ¶ÌRÃo�
Õ�Í8Ú+�IÞW�AÓÆÔ
�tÜ��WÍ1ÌRÄÐÉ+�G�oÉXÕ�È®�tÍ�ÔoÅ
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Ão�AÈ®�tÍ�Å�Å¦�WË<ÃåÏ
ÉhÔo�AÓÆÅ�Í1È®�+ ��oÉ1ÌºÅR�oÈ®ÇoÈRÄÆÅRÄÑ�oÒ�ÓÑ×� �ÎWÍ+Ô
ÍXÌ
ÇoÈ®�tÔ�ÄÆËLÌ®ÄÑ�WÒ
ÌRÃo���Aø�Ì®�A��Ì
É1Ø{ÔoÍ1ÏâÍ+Ò+��É+�vÌRÃo��ÇWÍ+È¦Ì®ÄÐËA�oÓÆÍ1È
Ë-É�Í+Å¦Ì®Í1Ó]Í+ÈR�?Í+ÅaÌRÃo�tÏâÅ¦�tÓÑÚ��tÅtÝ��ÄÑÚ��A�âÌ®ÃWÍXÌ�Ì®Ão��Õ�Í8Ú+�%ÇWÍXÌRÌR�AÈ®�WÅáÄÐ�ÀÌRÃW��ËtÍ+ÅR�%É1ØuË-É+Ï
ÇoÓÐÄÆËAÍXÌ®�tÔ�Ò+�AÉ�Ï
�-ÌRÈ®ÄÐ�tÅ�ÚXÍ+ÈR×
Ò+È®�tÍ1ÌRÓÐ×�ØÙÈRÉ�Ï
ÌRÃoÉ�Å¦�
ÅR�A�t�¶ÄÐ�PÌ®Ão��ÅRÄÑÏ
ÇoÓÐ��Ï�É�Ô��tÓÐÅ � Õ
ÃoÄÆË<Ã
Í+ÈR�8Lh�oÉXÕ
�¶Í+�WÍ1ÓÐ×�ÌRÄÆËAÍ+ÓÑÓÐ×�ÌRÉ�Î/�
ÇoÈR�?Ë-ÄÆÅ¦� �  1Í+�WÔºÌ®ÃWÍXÌ�Ì®Ão�ÈR�?Í1ÓÑñYÕáÉ+È®ÓÆÔ�ÎS�tÃWÍ8ÚhÄÑÉ��oÈ{Ë-É���Ì<Í1ÄÐ�WÅ�Å¦É�Ï
�IÏ
É+È®��Ë-É+Ï
ÇoÓÐÄÆËAÍXÌ®�tÔ¶ÚXÍ1È®ÄÐÍ+ÎoÓÑ�?Å_ÌRÃWÍ+�PÌ®ÃoÉ�ÅR��ÕI��ÃWÍ8Ú��IÄÐÏ
ÇoÓÑ�Añ
Ï
�A��ÌR�?ÔêÃo�AÈ®� � �WÉ1Ì®Í+ÎoÓÐ×�ÚXÍ1È®×hÄÑ�oÒâÕ�ÍXÌ®�AÈ%Ôo�AÇ�Ì®Ã�Í1�WÔêÕ�Í8Ú+�?Å ~ ÉXÕ
ÄÑ�WÒâÉ+��ÌRÉâÓÆÍ1�WÔêÄÐ�WÅ¦ÌR�?Í+ÔêÉ1Ø{Î/�AÄÐ�oÒÈR� ~ �tË-ÌR�?ÔâÄÑÏ
Ï
�tÔoÄÐÍ1ÌR�AÓÐ× �  hÕá��ÅRÃWÍ1ÓÐÓS�WÉ1ÌáÅ¦Ì®Í1ÌR��ÌRÃWÍ1ÌaÌ®Ão��ÇWÈR�?Å¦�t��Ì®�tÔâÈ®�tÅR�oÓÑÌ®ÅáÍ1È®�%Í+ËtË-�oÈ<ÍXÌ®��Õ
ÄÑÌRÃoÉ���Ì
Ô�ÄÆÅRËA�WÅRÅRÄÐÉ+�] �Îo��Ì�Õá�¶�WÉ1ÌR��Ì®ÃWÍXÌ�ÌRÃW��Î/�AÃSÍ8Ú�ÄÐÉ+�WÈ�Í1Ì�ÄÐ��ÌR�tÈRÏ
�tÔoÄÐÍ1ÌR�
Ô�ÄÐÅ¦Ì®Í+�WË-�?Å�Å¦�t�AÏâÅ�ÈR�tÏ�ÄÐ�oÄÆÅRËA�A��Ì
É1ØuÌRÃWÍ1Ì
É+ÎWÅR�AÈ®Ú+�?ÔÀÇoÈ®�AÚhÄÐÉ+�WÅRÓÑ×� oÍ1�WÔvÄÆÅ�ÌRÃo�tÈR�AØÙÉ+È®��Ü��oÄÑÌR��È®�tÍ+ÓÑÄÆÅ¦ÌRÄÆË1Ý

K?l�K éKv8µ{ömo ¹ x�p±¯ýö ¶S¶wq*µ{v�xyö��w÷yµû¸Pö q/xMö�p"xysmowú·xMo ¹ÿö�p/µjqFtwµj¶?p±¯wú
�hÉ�ØNÍ+ÈPÕá�âÃWÍ8Ú+�ÀÍ�ÅRÅR�oÏ
�tÔjÌ®ÃWÍXÌºÌ®Ão��Õ�ÍXÌ®�AÈPÔo�AÇ�Ì®ÃíÄÑ�ãÉ��oÈPÏ
É�Ô��tÓaÃWÍ�ÅºÎ/�A�A�	Ë-É+�SÅ°Ì<Í1��ÌtÝ]ë±��Ì®ÃoÄÆÅ
Å¦�?ËLÌ®ÄÑÉ��PÕá�IÕ
ÄÐÓÑÓhÈ®�AÏ
ÉXÚ+�aÌRÃoÄÆÅ�È®�tÅ¦ÌRÈ®ÄÐË-ÌRÄÐÉ+�PÍ+�WÔPÍ+ÓÑÓÐÉXÕíÍ1ÇoÇWÈR�?Ë-ÄÆÍ1ÎoÓÐ�IÚXÍ+ÈRÄÆÍXÌ®ÄÑÉ��WÅ]ÄÐ�PÌ®Ão��ÕáÍ1ÌR�tÈuÔ��tÇ�ÌRÃ�Ý
ë±��ÌRÃo�vÔ��AÈ®ÄÑÚXÍ1ÌRÄÐÉ+��É1Ø�ÌRÃW�vÍ1�SÍ1ÓÐ×�Ì®ÄÐËtÍ1Ó�ÅRÉ+ÓÐ��ÌRÄÐÉ+�� �Õ
ÃoÄÆË<Ã�ÕI�À�SÅ¦�âØÙÉ�È�ÌRÃW�ÀÎSÉ��o�WÔoÍ+ÈR×jË-É��WÔ�ÄÑÌRÄÐÉ+�WÅt 
ÕI�GÍ+Å®Å¦�WÏ��ÀÌRÃWÍ1Ì

k
ÄÆÅPÍåË-É+�SÅ°Ì<Í1��ÌtÝ*�hÄÑ�SË-�

k = 2π(gh)−1/2T−1 Õá��ÃWÍ8Ú��
ÌRÉ!ÏâÍ�L+��ÅR�oÈ®�âÌRÃWÍ1ÌÌRÃo�ÀÔo�AÇ�Ì®ÃãÚ8Í+ÈRÄÆÍXÌ®ÄÑÉ��WÅ�É+�oÓÐ×!É�ËtË-�oÈ�Õ
ÄÑÌRÃoÄÐ��ÄÑ�jÌ®Ão�À�h�oÏ
�AÈ®ÄÐËtÍ1Ó{ÅR�oÎ/ÔoÉ+ÏâÍ1ÄÐ� � ÅR�oÎ/ÔoÉ+ÏâÍ1ÄÐ��ë � Ý]új�ÌRÃo�tÈR�AØÙÉ+È®��Ô��-ÞW�W��Ì®Ão�ºÔ��tÇ�ÌRÃ
h
Í�Å

h ≡
{

h(x, y)
ØÙÉ�È

r 6 b
h0

ØÙÉ+È
r > b

, � èWÝ èWÝ �,�
Õ
Ão�AÈ®�

h0
ÄÆÅ%ÍÀËAÉ+�WÅ¦Ì®Í+��Ì?Ýoë Ø{ÌRÃW�ºÚXÍ1È®ÄÐÍ1ÌRÄÐÉ+�WÅ�Í+ÈR�ºËAÉ+Ï
ÇWÍ+È®Í+ÎoÓÑ��Ì®ÉâÌRÃo�¶ÕáÍ8Ú��AÓÐ�A�oÒ+ÌRÃ] oÍ+��ÄÑ�SË-É+Ï
ÄÐ�oÒ

ÕáÍ8Ú��ÀÕ
ÄÐÓÑÓáÎS�êÅ®ËAÍXÌRÌR�tÈR�?ÔíÍ1�WÔ(ËAÍ1�(�oÉ1Ì
ÎS�êÔ��?ÅRËAÈRÄÐÎS�?ÔíÍ+ËtË-�oÈ<ÍXÌ®�AÓÐ×åÎh×jÌRÃW�vÏ
É�Ô��AÓá�WÅR�tÔ(ÄÑ�ãÌ®ÃoÄÆÅ
ÈR�tÇSÉ�È¦Ì?ÝIúj�åÅRÃWÍ+ÓÑÓ�ÌRÃh�WÅGË-É��WÅ¦ÄÆÔ��tÈ�É+�WÓÑ×�Í1ÇWÇoÈR�?Ë-ÄÆÍ1ÎoÓÐ��ÚXÍ1È®ÄÆÍXÌRÄÐÉ+�SÅA IÄMÝ �+Ý�ÚXÍ1È®ÄÐÍ1ÌRÄÐÉ+�WÅ�Å¦ÃoÉ��oÓÆÔûÌ®Í�L+�
ÇoÓÆÍ+Ë-�vÉ+�íÍåÅRËtÍ1ÓÐ�ÀÒ+È®�tÍ1ÌR�AÈPÌRÃWÍ+�íÉ+È�Ë-É�Ï�ÇSÍ1È<Í1ÎoÓÐ�
ÌRÉ!ÌRÃo�GÕáÍ8Ú��AÓÐ�A�oÒ+ÌRÃ]Ý�ú�ÄÖÌ®Ã	Í�ÚXÍ+ÈRÄÆÍ1ÎoÓÐ�ÀÕ�ÍXÌ®�AÈ
Ô��AÇoÌRÃ] �Ì®Ão�ºÅRÇWÍXÌ®ÄÐÍ+ÓÑÓÐ×�Ô��tÇS�t�WÔ��A��Ì��?Ü��SÍXÌRÄÐÉ+�GÄÆÅA WÍ�Å�Å¦ÃoÉXÕ
�GÄÐ�¥���� �Ç�Ý ��� ¡¯�  �Ò�ÄÑÚ��A�êÍ+Å

∇ · (h∇η) +
ω

g
η = 0, � èSÝ èSÝ � �

é��
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Õ
Ão�AÈ®�
g
ÄÐÅ
ÌRÃo�ºËAÉ+�WÅ¦Ì®Í+��Ì�É1Ø�Ò+È<Í8ÚhÄÖÌ°×
ê8ÝWÂ�ÃWÄÐÅ��AøhÇWÈR�?ÅRÅRÄÑÉ��vËtÍ1�êÎS��È®�-ØÙÉ�ÈRÏ¶�oÓÐÍ1ÌR�?ÔvÍ�Å

∇ · [h(x, y)∇η(x, y)] + hk2η(x, y) = 0 � èSÝ èSÝ é �
∇ · [h(x, y)∇η(x, y)] +

4π2

gT 2
η(x, y) = 0, � èSÝ èSÝ è �

Õ
Ão�AÈ®��Õá�+ hÍ+ÅaÄÑ�wWIÃSÍ1Ç�Ì®�AÈ
�� �Í�ÅRÅR�oÏ
��Ì®ÃWÍXÌ
T
ÄÐÅáË-É��WÅ¦Ì®Í1��Ì?Ý+ë Ø

h
ÄÐÅáÍºË-É��WÅ¦Ì®Í1��Ì? �ïaÜ��WÍ1ÌRÄÐÉ+� � èWÝ èWÝ é �ÈR�?Ô��WËA�tÅáÌRÉ�Ì®Ão�ºÿ��tÓÑÏ
ÃoÉ�ÓÖÌ�'��tÜ��WÍXÌ®ÄÑÉ�� � ïaÜ��WÍXÌ®ÄÑÉ�� � ��Ý � Ý é �6� ÝÂ�É�Å¦ÄÐÏ
ÇoÓÐÄÖØÙ×�Ì®Ão�IÄÐÏ
ÇoÓÐ�AÏ
�A��Ì®Í1ÌRÄÐÉ+�¶ÄÑ��ò�ó�ô�õtó_ö8÷% 8Õá�aÕ
ÄÐÓÑÓhÉ��oÓÑ×�ÓÐÉhÉ�L�ÍXÌ�È<Í+Ô�ÄÆÍ1Ó�Ú8Í+ÈRÄÆÍXÌ®ÄÑÉ��WÅt tÄYÝ ��Ý

ÌRÃo�PÕáÍ1ÌR�AÈ�Ôo�AÇ�Ì®Ã�ÄÐÅ
ÄÐ�WÔ��tÇS�t�WÔ��t��Ì�É1Ø
θ
ÝSÂ�ÃoÄÆÅ
ÏâÍ8×vÅRÉ+�W�WÔGÓÑÄQL+�ºÍ
È<ÍXÌ®Ão�AÈ�ËAÈR�WÔo�ºÍ1ÇoÇoÈ®É8ø�ÄÑÏâÍ1ÌRÄÐÉ+�] 

Îo��ÌºÍ+Å�ÅR�A�t�!É+��îuÄÑÒ��oÈ®�PèWÝ ���  /ÌRÃo�
É�Ë-�?Í1� ~ É�É�È�Í+ÈRÉ��o�WÔ!ë°Ë-�AÓÆÍ1�SÔ�ÄÆÅ�Í+ÓÑÏ
É�Å°Ì�Ë-ÄÐÈ®ËA�oÓÆÍ1È?Ý#¬�Í+ÅR�tÔ!É+�
ÌRÃo�?Å¦��É�ÎWÅ¦�tÈRÚXÍ1ÌRÄÐÉ+�WÅt hÕ
ÃWÍXÌ
Õá���W�A�tÔ�ÌRÉâÔ��?ÅRËAÈRÄÐÎ/��Ì®Ão�ºÔ��tÇ�ÌRÃGÚXÍ1È®ÄÐÍ1ÌRÄÐÉ+��ÄÆÅ�ÍPØÙ�o�WË-ÌRÄÐÉ+�êÕ
ÃoÄÆË<ÃvÃWÍ�Å
ÍGÞoø��tÔjÚXÍ1ÓÐ�o�ÀË-ÓÐÉ�ÅR��ÌRÉêÌ®Ão��Å®ËAÍXÌRÌR�tÈRÄÐ�oÒêÉ+Î�Ê°�?ËLÌPÍ+�WÔåÌRÃo�t�íÔ��tËAÈR�?Í+ÅR�tÅ�Å¦ÓÐÉXÕ
ÓÐ×+ ]Ë-É�Ï
ÇWÍ1È®�tÔ!ÌRÉêÌ®Ão�
ÕáÍ8Ú��AÓÐ�A�oÒ+ÌRÃ] oÌRÉvÍ�Í1�oÉ+ÌRÃo�tÈ�Þoø��tÔêÚXÍ+ÓÑ�o�� SÓÐÉXÕá�AÈ
Ì®ÃWÍ1��Ì®Ão�PÄÐ�oÄÑÌRÄÆÍ1ÓuÚXÍ1ÓÐ�o�+Ý � ���AøoÍ1Ï
ÇoÓÐ�ºÉ1ØaÅR�WË<Ã�Í
ØÙ�o�WË-ÌRÄÐÉ+��Ë-É��oÓÐÔvÎ/��ÌRÃo�ºËAÉ+��ÌRÄÐ�oÉ+�SÅA �ÄÐ��ÞW�oÄÑÌR�tÓÑ×GÔ�ÄÑÛ/�tÈR�t��Ì®ÄÐÍ+ÎoÓÐ��ØÙ�W�WËLÌ®ÄÑÉ��

ρa,b(r) =
λ(b2 − ‖r‖2)

λ(b2 − ‖r‖2) + λ(‖r‖2 − a2)
, � èWÝ èWÝ�� �

Õ
Ão�AÈ®�
r
ÄÆÅ�Í
Ë-ÉhÉ+È<Ô�ÄÐ�WÍXÌ®��Ú��tË-ÌRÉ+È�Í+�WÔ

λ
ÄÐÅ%Ô��-ÞW�W�tÔGÍ+Å

λ(x) =

{
exp

(
− 1
x2

) ØÙÉ�È
x > 0

0
ØÙÉ�È

x 6 0
� èWÝ èWÝ � �

Â�ÃoÄÆÅ%ØÙ�W�WËLÌ®ÄÑÉ��åÕ
ÄÐÓÑÓ�Ì<ÍNL��PÌ®Ão�
Ú8Í+ÓÑ�W�
0
ØÙÉ+È

r 6 a
Í+�WÔ�Ì®Ão�
ÚXÍ1ÓÐ�o�

1
ØÙÉ+È

r > b
Í+�WÔ�ÄÆÅ�ÄÑ��ÞS�oÄÖÌ®�AÓÐ×

Ô�ÄÑÛ/�tÈR�t��Ì®ÄÐÍ+ÎoÓÐ��ÄÑ��Î/�-Ì°Õá�A�t�]ÝSÿ%�A�WËA�ºÕI�ºËtÍ1�êØÙ�oÓÑÞWÓÐÓ]Ì®Ão�PÍ1Î/ÉXÚ+��Ï
�t��Ì®ÄÑÉ��o�tÔGÈ®�tÜ��oÄÐÈR�tÏ
�A��Ì®Åt �ÌRÃSÍXÌ
kÄÐÅPË-É+�SÅ°Ì<Í1��Ì�ÄÑ�ãÅR�oÎ/ÔoÉ+ÏâÍ1ÄÐ�åëRë�Í+�WÔåÌRÃWÍ1ÌPÔ��AÇoÌRÃ�ÚXÍ1È®ÄÐÍ1ÌRÄÐÉ+�jÄÐÅ ý Í1ÇoÇWÈR�?Ë-ÄÆÍ1ÎoÓÐ�LþL �Î�×jÍ+Ô8Ê°�SÅ°Ì®ÄÑ�oÒGÌ®Ão�

ÇWÍ1È<Í1Ï
�AÌR�AÈ<Å
a
Í1�WÔ

b
Ýhúå��Ô��AÞW�o��ÌRÃo��Õ�ÍXÌR�tÈ
Ô��AÇ�Ì®Ã] �Õ
ÃoÄÆË<ÃvÄÆÅ�Í1ÓÐÕáÍ8×�ÅIÇSÉ�Å¦ÄÑÌRÄÐÚ+�� �ÍXÌ
ÍPÇ/É+ÄÐ��Ì

r
 oÍ�Å

h(r) = h ëeì í − h í4î ï ρa,b(r), � èSÝ èSÝ�� �ð
9.82 �Eñ � 2

ô�è ¿ ï¡è �
í�ó �

é+é
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a = 1.2
²
b = 1.9

²
h ò-ó ô = 0.5

7X9/5
h õ�öZò = 1
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r
719/5�:<>19oZLK 719WK

1
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r
�

Õ
Ão�AÈ®�
h ëeì í − h í î ï ÄÆÅ�Ì®Ão�ºÔ��AÇoÌRÃ�Õ
Ão�t� r 6 a

Í+�WÔ
h ëeì4í ÄÆÅ�Ì®Ão�ºÔ��AÇoÌRÃ�Õ
Ão�t� r > b

Ýoë Ø�ÕI��ÃSÍ8Ú+�
ÌRÃo�%ÎSÉ�È®Ô��tÈ{ÎS�AÌ°ÕI�t�A�âÅR�oÎ/ÔoÉ+ÏâÍ1ÄÐ�
ëuÍ+�WÔ�ë¦ë�ÍXÌ

r = 2
ÕI��ËAÉ+�oÓÆÔ¶ÌRÃo�t�ÀË<ÃoÉhÉ�ÅR�

a = 1.2
Í1�WÔ

b = 1.9Í1�WÔGÅR�-Ì
h ëeì í = 1

Í1�WÔ
h í î ï = 0.5

 hÉ+È

h(r) = 1− 0.5ρ1.2,1.9(r), � èSÝ èSÝ � �
ÈR�?Å¦�WÓÖÌ®ÄÑ�oÒ
ÄÐ�GÍ+�vÉ�ËA�tÍ1� ~ ÉhÉ+È
Í�Å
Å¦ÃoÉXÕ
�vÉ+�êîuÄÑÒ��oÈR��èSÝ � ��Ý��hÉ�ØNÍ1È�Õá��ÃSÍ8Ú+��É+�oÓÐ×ÀÃWÍ�Ô � ¡PÌ®�AÈ®ÏâÅIÄÐ�
ÌRÃo��Å¦�WÏ ÄÐ�êÌRÃW�¶Í1�SÍ1ÓÐ×�Ì®ÄÐËtÍ1Ó_�-ø�ÇoÈ®�tÅ®Å¦ÄÐÉ+�] WÈR�?Å°Ì®ÈRÄÆËLÌ®ÄÑ�oÒâ�SÅ
ÌRÉvÕáÍ8Ú��AÓÐ�A�oÒ+ÌRÃWÅ�ÓÐ�tÅ®Å
Ì®ÃWÍ1�

2π � k = 1
� Ý

ë ØIÅR�oÎ/ÔoÉ+ÏâÍ1ÄÐ��ë
ÃWÍ�Å�Ì®Ão�¶È<Í+ÔoÄÑ�WÅ��� /ÕI�¶Õ
ÄÑÓÐÓuÌRÃo�t��É+�WÓÑ×�ÅR�A�¶Í+ÇoÇoÈ®É8ø�ÄÑÏâÍXÌ®�AÓÐ×vÉ��o�PÅRÄÖøhÌ®Ã!É1ØaÍÀØÙ�oÓÐÓ
ÕáÍ8Ú��+ XÍ1�SÔ¶ÄÑÌ�Õ
ÄÐÓÑÓoÎ/��Ô�ÄgIÀË-�oÓÑÌ�ÌRÉ�É�ÎWÅ¦�tÈRÚ��áÌRÃo��Ë<ÃWÍ+�oÒ+�áÄÐ��Õ�ÍXÌ®�AÈ�Ô��tÇ�ÌRÃ� 1Õ
ÃoÄÆË<Ã
Í1Ì{ÌRÃo��Å®Í1Ï
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ilh0iTd/h0i2h*m6bnZ6eWb_o*i�prqWs�b)tTb_Z*[�b\m_jTgke_Z*i�]_h_]\m/]fZ*d`ovu_axwWaTZ*y6tWi/Z*yTm�w2pq_s/b)mTs2hTeWz_i2b6]T]{hW]|b_}\y/o_^|mTZ)mWs/b)j6oWa6h0y2]cZ*dcmWs/b`eWgT^Th0i6a6b\j(prq_s/bv~2Z\yTi�a6o_j6g/eTZ\i�a/h\m2h_ZWi2]{o\j6bt6h*�/b*i`~Tg`iTy6[�bWj2hTeToT^)bW��oT^Wy�oWm2h_ZWivZ*dco0ifo*i/o_^Wg_m/h_ekb_�W�/j/b/]T]_bWi)h
ixmWs/b)d_y_i�e*m/h_Z*i�b_m/o6]TZT^Wy6m�hTZ\iprqWs�h_]`hW]vo`a/b6e_ZWyT�2^Tb_a�[/ZWa6b_^$p.9 eW^_b_oWj�o_^T^G d6^TeW^Tb_o\jfd6b*[ßà X`YT�\�6�_�_�c�/b\j/]_hWZ\iê eW^_b_oWj �_j�]0iø �_j/]0i p i/o*[/b � �
YT�W�6�_�W�!����p�u	� �� �_j/]0i p bW�Wm � �1o�� ��3� �_j/]0i p [/o_�_ZWj �)������ �_j/]0i p ~_y�hW^_a �|�W�_���� . �_j/]0i p j/e_] � �
�\�6o*[/b��1�T�6��� �� 9 �_j/]0i p aTo\m6b � �0�*��o\m6b$���2uT�T�6�6�/�_uT�TuT�W�2�W�����Tu����W���6��� �� G d6b*[ p �/b\j/]_hWZ\i � �_j/]0i �� ß� à XcY6ZWi2]\m�o\i/m�] pr�`hW]vo`]_eWoT^Th0i6tWd/oTe*m6Z\j.�rzchW])mWs�bv�6o\�6b\i_y_[_~/bWj(��m6Z_^)aTb6e_h\aTbT]xs/Z\�)[/o\i6g|m6bWjW[�]vmTZeWZ*[T�_yTm6bfh
icm_s/b)~2Z\y6i/a6o_j6g�e_Z\i�a/hWm�h_ZWi2] o*i6a|o|hW])mWs/bvj6o_a6h0y�]cZ*d`mWs�b`e\gT^Th*i6aTb\j¡p� ê d6b*[ p e_Z*i�]*m �v¢ ����� � �3��� �`p_p_p� ø ��z�� � �£u_¤_�/h	� �`pTp_p� � �£m6Z_^	� � �3�\b!¥*¦&� �|p_pTp. � �£o�� � �3��� § �. �.�. X`¨T^_Z*~/oT^fb_�W�/j/b/]T]ThTZ\i!]�pr©Wy_i�e\m/hWZ*ind/Z\jxb_�/oT^Wy�o_m�h_ZWi)Z*dcmWs/b)~�Z\y6i/a/oWj6g�e_ZWi/a/hWm�hTZ\i)dWy_i�e\m/hWZ*i«ª3d_j6Z*[mWs/b`o*i/o_^Wg_m/h_ekb_�W�/j/b/]T]ThTZ\i/¬�p. 9 d6b*[ p t6^TZW~�o6^Tb_�_�6j �v¢ �
b\m6oWa6h_oWt�� � �0bWm�o6]_Z6^\y/m�h_ZWi/a�h_o_t�ª*]\}_j_m�ª£��p�­WuW®/g!­Wu6¬��3o\m/o*i/u&ª�g��1�2¬���z&�£o�¬�� § �.-G.�ß X`¨Tb_Z*[/bWm_jTg¯p°�6o\z6b`m_�6Z`eTh*j/eW^_b6]�o*i6ac]0yT~Tm_j6oTe\mnmWs/bc]WbTeWZ*i/acdTj6Z*[cm_s/bvd/h*j�]*mcmTZ)[/o\z6b)ocwaTZ*y/t\s_i_yTm�w2p. à eW^_b_oWj aWj/o\�.�ê t6� � e_h*j�eWu ª1�6¬��.�ø t_u � e_h*j�eWu ª3�_¬��. � tW± � t_� ¥ t_u �9 � aWj6o\� p ] p Z*~/�T] �)¢ tW± § �9 � aWj6o\� p ] p i/o*[/b �)¢ �£Y6�6��� § �9 . aWj6o\� p ] p m6oWt6] �)¢ �1tW±&� § �
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icmWs2h_]vd/h_^_b�pÎ©_y/jTm_s2bWjT[�ZWj�b{h0mf]Wb\m/])mWs/b|Z6eWb_o*ilaTb*�6mWscmTZ|�6o\jTg~/b\mT�6b_b*in�	p�u`o*i6a)�|h
ixmWs/b`h0i6m6b\j_�6oT^lu�p��vmTZc��p���pÎqWs/b)t6b_Z*[/b\mTjTg��°[�bT]0slo*i6ac]WZT^*yTm/hWZ\i¿hW]�/^_ZWm_m6bWa�p��3� d6^TeW^Tb_o\jfd6b*[��� X2�\m/o\j_mxm/h0[/b\j� . m/h_e� 9 X`YT�\�6�_�_�c�/b\j/]_hWZ\i� G eW^_b_oWj �_j�]0i� ß �_j/]0i p i/o*[/b � �
YT�W�6�_�W�!����p�u	� �� à �_j/]0i p bW�Wm � �1o�� �� ê �_j/]0i p [/o_�_ZWj �)���� ø �_j/]0i p ~_y�hW^_a �|�W�_���� � �_j/]0i p j/e_] � �
�\�6o*[/b��1�T�6��� �. � �_j/]0i p aTo\m6b � �0�*��o\m6b$���2uT�T�6�6�/�_uT�TuT�W�2�W�����Tu����W���6��� �. � d6b*[ p �/b\j/]_hWZ\i � �_j/]0i �.�.
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. 9 X`¨Tb_Z*[/bWm_jTg.-G a6h_]0� ª �3Y/Z\i/�/bWj6m�h\i/t_�6�/h_]0y�o_^2�/aTo\m6o�p_pTp_� ¬.�ß eW^_b_oWj aWj/o\�. à t6� � e_h*j�eWu ª3�*��¬��.�ê h0d|i/o\j6t6h0i �T�T�.�ø z6Z\j_m � h0[Tj6bToWa ª z6Z\j_mTa6o\m6o ¬ �. � z6Z\j_m � d6^Th0��^\j ª j6Z\m6�W� ª j6ZWm6�W� ª z6Z\j_m ªT�/�T�/�£�W¬/¬6¬6¬ �9 � d/h\t\y6j6b9 � h0[/oWt6b ª z6ZWj_m ¬��9 . eWZ_^_ZWjW[/o*�kt_j6oWg9�9 µ e � ^*j ¸W� d/^/h*[�u/e*y/jT�/b ª zTZ*jWm �1¢�µ�¸��6µ��`u_�T�W¸T§6¬	� X�j/b/]_Z6^\y6m2h_ZWi)hW]|uT�_�9 G X�eW�6[�h*jTj6Z\j�ª£e��6µ��x�0¸$�TµÄ�f�\¸/¬ �9 ß a6h_]0� ª �£Â6j/bW��oWj2h*i�t_�6t6b_Z*[/b\mTjTg¡p_p_pT� ¬9 à e � ]WZ_^Th\a6u ª e ¬��9 ê i6��bWj6m�hTeTb6] � tTb_Z*[!�*tTb\m ª e � ��i_�&� ¬9 ø e � ]_eWo_^_b ª [/Z\�/b ª e �W¥*�	p��T¤ ^_b*i/tWmWs ª z6Z\j_m ¬��*¥0��p��_¤ ^Tb*i6tWmWs ª z6ZWj_m ¬6¬$�£� p��W� ^_b*i6tWm_s ª z6Z\j_m ¬$�£� p��W� ^_b*i6tWm_s ª z/Z\j_m ¬T¬� X�m6j/oWi2]_^6oWm�b{o\i6ac]_eWoT^_b9 � tW± � t_� ¥ e �G � b_^T]WbG � tW± � t_� ¥ e_h\j/eWu ª3�T¬��GÛ. b*i6aG 9 tTb_Z*[T�/^_Z\m ª t\± � �
Â�Z6h\i6m_[2Z_a/b � � �
Z\d_d&� � �0b_aTt/bT^6o\~�b6^6] � � �3Z0i$� ¬G�G aWj6o\� p ] p Z*~/�T] �)¢ tW± § �GÛß aWj6o\� p ] p i/o*[/b �)¢ �£Y6�6��� § �G à aWj6o\� p ] p m6oWt6] �)¢ �1tW±&� § �GÛê d6b*[ p a_j6o\� � aWj/o\� �GÛø d6b*[ p t6b_Z*[ � tTbTZ*[�e_]\t ª d6b*[ ¬��G �ß � XcY6ZWi2]\m�o\i/m�]ß � d6b*[ p e_Z*i�]*m �v¢ �1o	� � o*~T�6b6e*m6Z\j ª3�_¬�� ��~&� � o*~6�6bTe*m6ZWj ª1u6¬�� ��t�� ����p�¦Wu�� ��q�� �1� � �1s6a6h*d_d�� � sT�6bTe*m/Z\j ª£u6¬6¥ sT�6b6e*m6Z\jª3�_¬�� �1s/b*i/a�� � s6�6bTe*m6ZWj ª£u6¬_§ �ß�.ß 9 X�¨T^TZ*~/o_^fbT�W�6j�b6]6]Th_ZWi2]ß-G d6b*[ p t6^TZW~�o6^Tb_�_�6j �_¢ �*eTh\i6d2h*i2hWm6g�� � �*eTh\i6d�h\i2hWm6g�ª�~ ­\u!¥2ª£�!­Wu_®Tg!­Wu6¬6¬	p���ª\eTh\i6d�h\i2hWm6g�ª�~ ­\u!¥2ª£�!­Wu_®Tg!­Wu6¬6¬\®e6h*i6d2h*i!h\m6g�ªWª3� ­WuW®6g!­Wu6¬/¥\o2­Wu6¬T¬�� § � Xß�ß Xf²0i!h\m�hToT^/hW³6b�[/b6]0sß à d6b*[ p [�bT]0s � [�bT]0s�h0i2h*m ª d6b\[ ¬ �ß�ê X/¹6bWd/h0i/b`[/bT]*sß�ø d6b*[ p [�bT]0s � [�b6]\s6j�bWd�h\i�b ª dTb0[ �cp_p_pß � ��[2eWoT]Wb&� �����cpTp_pà � �1j_[/b\mWs/Z_a�� � �1j/bWt\y/^_oWj¯� ¬��à � d6b*[ p [�bT]0s � [�b6]\s6j�bWd�h\i�b ª dTb0[ �cp_p_pà . ��[2eWoT]Wb&� �����cpTp_pà 9 �1j_[/b\mWs/Z_a�� � �1j/bWt\y/^_oWj¯� ¬��à G X/d6b\[$p�[/bT]0s2�/[�b/]*s/j/bWd2h*i2b ª1dTb0[��cpTp_pà ß X ��[/e\o_]\b(�6�����`p_p_pà�à X �£jW[/b\m_s/ZWa��6�T�3j6bWt\y�^_o\j(�£¬��à ê s/Z_^Wa Z0ià ø [/bT]0sT�/^_Z\m ª d/b*[ p [/b6]0s ¬à � d6b*[ p [�bT]0sê � Xnª£�/b\d/o*y/^\mf�6oT^*y/bT]�o\j/b{i/Z\mxh*i�eW^*y6a6bWa�¬ê �ê�. Xc�W�6��^6h6e_o_m�h_ZWiv[/ZWaTb`�ê 9 eW^_b_oWj o*�T�/^ê-G o*�_�/^ p [/ZWaTb p eW^_oT]T] � �3º/b6^\[Ts2ZT^_m6³�� �ê�ß o*�_�/^ p o6]6]Th_tWi2]\y6d6d�hW� � �3»\s6³TbW}$� �ê à eW^_b_oWj ~_i/aê�ê ~_i6a p m6g\�/b � �1i/b*y�� �ê�øê � h0d|i/o\j6t6h0i �T�T�ø � ~_i6a p h*i6a ��µ Z*i�bT] ª£��� i/�/b_jTm�h6e_b/] ®_±/¬_¸��ø � b_^T]Wbø�. ~_i6a p h*i6a �<µ��	�£�	�£�	�£�	�£�	�£�	�£�	�£�0¸��ø 9 b*i6aø-G o*�_�/^ p ~_i6a � ~_i/a �ø�ß eW^_b_oWj bW}Wyø à bW}\y p o � �6ª£uT¤\�/h2¬/­Wu_��ª£t�¤\q ­Wu6¬�� �ø�ê bW}\y p e � �
¥\s6�_g&� �ø�ø bW}\y p d �)���ø � bW}\y p h*i6a �<µ1�*¸��� � o*�_�/^ p bW}\y � bW}Wy �� � d6b*[ p o\�_�/^ ¢6�\§v� o*�_�/^ �� .� 9 Xc�W�6��^6h6e_o_m�h_ZWiv[/ZWaTb)u
è+è



� G eW^_b_oWj o*�T�/^� ß o*�_�/^ p [/ZWaTb p eW^_oT]T] � �3©/^_Â_�6À6½TÐ�Z\yTi�a6o_j6g�� �� à o*�_�/^ p a6h0[ �|¢ �
^0[�� � �3^*[�»\m$� § �� ê o*�_�/^ p o6]6]Th_tWi2]\y6d6d�hW� � �3»W�W~&� �� ø eW^_b_oWj �Tj/Z*��*� eW^_b_oWj ��bTo_z�e_ZWi2]WmTj�£�*� �/b6oWz2e_Z\i!]\m6j p �6oT^*y/b � �
Z\d_d&� ��£�J� �/b6oWz2e_Z\i!]\m6j p a6h*[ �v¢ �
^*[/u	� � �
^*[/�	� § ��£� . �Tj6Z*� p �/b6oWz2e_Z\i!]\m6j � ��bTo_z�e_ZWi2]WmTj ��£� 9 o*�_�/^ p �Tj6Z*� � �Tj6Z*� ��£� G eW^_b_oWj ~_i/a�£� ß ~_i6a p �/b_o\z �|¢ �3®�ª*^*[/»Wm6bT]*m	¤!ª�y�¥TbWm6o/¬W®/^0[�¤!ª3y/»\m/bT]*m�¥6b\m6oT»\m6bT]*m�¬T¬/¥_bWm6o_»\m6b6]*m�¤6aTb\m/o&� ���_§ ��£� à ~_i6a p y2]WoWtTb �|¢6�	���T§���£� ê h0d|i/o\j6t6h0i �T�T��£� ø ~_i6a p h*i6a �<µ����£���£���£����u_¤ Z\i/bT] ª£��� i/�/b_jTm�h6e_b/] ¬T¸���£� � b_^T]Wb�-�3� ~_i6a p h*i6a �<µ��	�£�	��u&��u&�£�	��u&��u&�£�0¸���-��� b*i6a�-� . o*�_�/^ p ~_i6a � ~_i/a ��-� 9 d6b*[ p o\�_�/^ ¢_u_§v� o*�_�/^ ��-� G d6b*[ p dTj6o*[/b �v¢ �£j6b\d&� § ��-� ß d6b*[ p ~�Z\jTaTb\j �c�2��-� à d6b*[ p yTi�h*m/] � �
�T²�� ��-� ê a6h_]0� ª �3�_i�o6^_gT³�h*i�t_�6[�oWmTs�bW[�oWm2hTeToT^\�2b_�_�6j/b/]T]6h_Z\i!]�p_pTp_� ¬�-� ø Xc�TeWo_^_oWjnb_�W�/j/b/]T]ThTZ\i!]�-� � d6b*[ p b_�\�Tj �|¢ �1j�� � �0]\}Wj_m&ª1�!­Wu_®Tg!­Wu6¬�� �`p_pTp� . � �£mWs/bWm6o&� � �3o\m/o*i/u&ª�g��1�2¬�� �`p_p_p� . � �1s6�_g�� � ��s6b0iTa�¥Ws6a6h*d_d ¤2e6h*i6d2h*i!h\m6g�� �TpWpWp� .�. ��z�� � �£u_¤_�/h/� ªW]\}_j_m�ª£t/¤_s6�_g2¬_¤Wq2¬�� �`p_p_p� . 9 �3bWm6o�� � �1tW�2¤/b\m6oTe_ZT]&ª�����z��£m\s6b*mTo¯��j!¬\®/t6�6¤/b\m/oTeWZT]&ª£����z&�1m\s6b*mTo¯�1j2¬\®/t_u�¤�b\m6oTeWZ6]&ª�u���z��£m\s6b*mTo¯��j2¬W®6t_��¤b\m/oTeWZT]&ª��	��z&�£m\s6b*mTo��1j2¬W®6tW±2¤/b\m6oTeWZ6]&ª�±	��z��3m\s6b*mTo¯��j!¬\®/t_�/¤/b\m6o6eWZT]&ª��	��z&�1m\s6b*mTo(�1j2¬\®/t_¶�¤6bWm6oTeWZT]$ª�¶���z�1m\s6b*mTo¯�1j2¬_®6t_·�¤/b\m6oTeWZ6]&ª�·���z��£m\s6b*mTo¯��j2¬W®6t_¦2¤/b\m6o6eWZT]&ª�¦	��z&�1m\s6b*mTo¯��j!¬\®/t_�/¤�bWm6oTeWZT]$ª�����z&�£m\s6b*mTo��1j2¬W®t/�\�/¤/b\m6oTe_ZT]$ª£�0�&��z&�£m\s6b*mTo��1j2¬W®/t��_�_¤/b\m6o6eWZT]$ª£�W���1z��£m\s6b*mTo¯��j2¬W®�t/�\u6¤/b\m/oTeWZT]�ª£�*u	�1z��£m\s6b*mTo¯��j!¬\®�t/�\�/¤b\m/oTeWZT]&ª£�*���£z��£m\s6b*mTo¯��j!¬\®�t/�*±�¤6bWm6oTeWZT]$ª£�0±��£z&�1m\s6b*mTo¯��j!¬\®�t/�\�/¤/b\m6oTeWZ6]&ª£�*���1z&�1m\s6b*mTo¯�1j2¬\®�t/�W¶6¤b\m/oTeWZT]&ª£�*¶��£z��£m\s6b*mTo¯��j!¬\®�t/�\·/¤6bWm6oTeWZT]$ª£�*·	�£z&�1m\s6b*mTo¯��j!¬\®�t/�\¦/¤/b\m6oTeWZ6]&ª£�*¦��1z&�1m\s6b*mTo¯�1j2¬\®�t/�W�6¤b\m/oTeWZT]&ª£�*���£z��£m\s6b*mTo¯��j!¬\®�tTuW��¤6bWm6oTeWZT]$ª�u\���£z&�1m\s6b*mTo¯��j!¬\®�tTu6�T¤/b\m6oTeWZ6]&ª�uT���1z&�1m\s6b*mTo¯�1j2¬\®�tTuTu6¤b\m/oTeWZT]&ª�uWu��£z��£m\s6b*mTo¯��j!¬\®/³6�T¤/b\m6o6]_h0i�ª£����z$�1m\s6b*mTo¯�1j2¬\®/³_u�¤6bWm6oT]_h0i¯ª�u���z&�£m\s6b*mTo(��j2¬W®6³_��¤/b\m6oT]Th0i�ª��	�z��£m\s6b*mTo¯��j ¬\®/³W±�¤/b\m6o6]_h0i�ª�±���z&�1m\s6b*mTo¯��j!¬\®�³_��¤6bWm6oT]_h0i¯ª�����z&�£m\s6b*mTo��1j2¬W®6³_¶2¤/b\m6oT]Th0i�ª�¶	��z��£m\s6b*mTo¯��j!¬®6³_·�¤/b\m6oT]Th0i¯ª�·	��z&�1m\s6b*mTo¯��j!¬\®/³_¦/¤/b\m/oT]_h0i�ª�¦	��z&�£m\s6b*mTo��1j2¬W®6³_��¤/b\m6oT]_h*i�ª����1z��£m\s6b*mTo¯��j!¬\®�³/�*��¤b\m/oT]_h0i�ª£�0�&�£z��£m\s6b*mTo¯��j!¬\®�³/�_�T¤6bWm6oT]_h0i¯ª£�W���£z&�1m\s6b*mTo¯��j!¬\®�³/�\u/¤/b\m6oT]_h*i�ª£�*u��1z&�1m\s6b*mTo¯�1j2¬\®�³/�W�6¤b\m/oT]_h0i�ª£�*���£z��£m\s6b*mTo¯��j!¬\®�³/�*±�¤6bWm6oT]_h0i¯ª£�0±��£z&�1m\s6b*mTo¯��j!¬\®�³/�\�/¤/b\m6oT]_h*i�ª£�*���1z&�1m\s6b*mTo¯�1j2¬\®�³/�W¶6¤b\m/oT]_h0i�ª£�*¶��£z��£m\s6b*mTo¯��j!¬\®�³/�\·/¤6bWm6oT]_h0i¯ª£�*·	�£z&�1m\s6b*mTo¯��j!¬\®�³/�\¦/¤/b\m6oT]_h*i�ª£�*¦��1z&�1m\s6b*mTo¯�1j2¬\®�³/�W�6¤b\m/oT]_h0i�ª£�*���£z��£m\s6b*mTo¯��j!¬\®�³TuW��¤6bWm6oT]_h0i¯ª�u\���£z&�1m\s6b*mTo¯��j!¬\®�³Tu6�T¤/b\m6oT]_h*i�ª�uT���1z&�1m\s6b*mTo¯�1j2¬\®�³TuTu6¤b\m/oT]_h0i�ª�uWu��£z��£m\s6b*mTo¯��j!¬\®2bW�\�&ª3hT¤Wz�¤_��¬�� �`p_p_p� .-G �£aTbWm6o�� � �£tW��¤6a6h\d_d$ª
bWm6oTeWZT]$ª��	��z&�£m\s6b*mTo��1j2¬���j2¬_®/t6�T¤6a6h*dTd�ª0b\m6o6eWZT]&ª£����z&�1m\s6b*mTo(�1j2¬���j2¬W®6t_u�¤6a6h*d_d&ª0b\m6oTeWZ6]ª�u���z��£m\s6b*mTo¯��j ¬���j!¬\®/t_�/¤6a6h\d_d�ª0b\m/oTeWZT]&ª��	��z&�1m\s6b*mTo(�1j2¬���j2¬W®6tW±2¤6a6h*d_d&ª0b\m6oTe_ZT]$ª�±���z&�1m\s6b*mTo¯��j!¬���j2¬\®/t_��¤a6h*dTd�ª0b\m6o6eWZT]&ª��	��z&�1m\s6b*mTo¯�1j2¬���j2¬W®6t_¶�¤6a6h*d_d&ª0b\m6oTeWZ6]$ª�¶	��z��£m\s6b*mTo¯��j!¬���j!¬\®/t_·/¤/a/h*d_d&ª
bWm6oTeWZT]$ª�·���z&�m\s6b*mTo¯��j2¬���j!¬\®�t_¦/¤6a6h\d_d�ª0b\m/oTeWZT]&ª�¦	��z&�1m\s6b*mTo¯�£j2¬���j2¬W®6t_��¤6a6h*d_d&ª0b\m6oTe_ZT]&ª��	��z��3m\s6b*mTo¯��j!¬���j2¬\®�t/�\�/¤6a6h*d_dª
bWm6oTeWZT]$ª£�0���1z$�1m\s6b*mTo¯��j!¬���j2¬\®�t/�T�_¤6a6h*d_d&ª0b\m6oTe_ZT]$ª£�W����z&�£m\s6b*mTo��1j2¬���j2¬W®�t/�\u6¤/a/h*d_d&ª
bWm6oTeWZT]$ª£�*u	�1z��m\s6b*mTo¯��j2¬���j!¬\®2t/�\�/¤6a6h*d_d&ª0b\m6oTeWZ6]&ª£�*����z&�1m\s6b*mTo(�1j2¬���j2¬W®/t��*±/¤6a6h*dTd�ª0b\m6o6eWZT]&ª£�0±&�£z��£m\s6b*mTo¯��j2¬���j!¬\®�t/�\�/¤a6h*dTd�ª0b\m6o6eWZT]&ª£�*���£z��£m\s6b*mTo¯��j2¬���j!¬\®�t/�\¶/¤Ta/h*d_d$ª0b\m6oTeWZ6]&ª£�*¶���z&�1m\s6b*mTo¯��j!¬���j2¬\®2t��\·6¤6a6h*dTd�ª0b\m6o6eWZT]&ª£�*·���z�1m\s6b*mTo¯��j!¬���j2¬_®/t��\¦6¤6a6h*dTd�ª0b\m6o6eWZT]&ª£�*¦���z&�£m\s6b*mTo(��j2¬���j!¬\®�t/�\�/¤Ta/h*d_d&ª
bWm6oTeWZT]$ª£�*�	�£z&�1m\s6b*mTo¯��j!¬���j2¬\®�tTu_�¤Ta/h*d_d&ª
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